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This is a book about the nature of mathematical
modeling, and about the kinds of techniques that
are useful for modeling systems (both natural and
otherwise). It is oriented towards simple efficient
implementations on computers.

The text has three parts. The first covers
exact and approximate analytical techniques
(ordinary differential and difference equations,
partial differential equations, variational principles,
stochastic processes); the second, numerical
methods (finite differences for opes and PpEs,
finite elements, cellular automata); and the third,
model inference based on observations (function
fitting, data transforms, network architectures,
search techniques, density estimation, filtering and
state estimation, linear and nonlinear time series).

Each of these essential topics would be the
worthy subject of a dedicated text, but such a
narrow treatment obscures the connections
among old and new approaches to modeling.
By covering so much material so compactly, this

book helps bring it to a much broader audience.

Each chapter presents a concise summary of the
core results in an area, providing an accessible
introduction to what they can (and cannot) do,
enough background to use them to solve typical
problems, and then pointers into the specialized
research literature. The text is complemented by
aweb site and extensive worked problems that
introduce extensions and applications. This essen-
tial book will be of great value to anyone seeking
to develop quantitative and qualitative descrip-
tions of complex phenomena, from physics to

hinance.
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Preface

This is a book about the nature of mathematical modeling, and about the kinds of tech-
niques that are useful for modeling systems (both natural and otherwise). It is oriented
towards simple efficient implementations on computers. Digital systems are routinely
used for modeling purposes ranging from characterizing and transmitting realities to ex-
perimenting with possibilities to realizing fantasies; whether the goal is to reproduce our
world or to create new worlds, there is a recurring need for compact, rich descriptions
of how systems behave.

This text, like its companion The Physics of Information Technology [Gershenfeld,
1999a], grew out of many questions from students that indicated that the pressure for
specialization within disciplines often leads to a lack of awareness of alternative approaches
to a problem. Just as a typical physicist learns about variational principles, but not about
how they can be used to derive finite element algorithms, an engineer who learns about
finite elements might not know about techniques for exact or approximate analytical
solutions of variational problems. Many people learn about how continuum equations
arise from microscopic dynamics, and about how finite difference approximations of
them can be used for numerical solutions, but not about how it is possible to stop before
the continuum description by using lattice gases. And few outside of specialized research
communities encounter emerging ideas such as state-space reconstruction for nonlinear
systems, or methods for managing complexity in machine learning.

Each of these topics can (and should) be the subject of a semester-long course, and so
to cover this range I necessarily have had to sacrifice some depth. Although this brisk pace
risks missing important points, the alternative for many people may be no exposure at all
to this material. I’ve tried to strike a balance by introducing the basic ideas, giving simple
but complete and useful algorithms, and then providing pointers into the literature. Other
than assuming some calculus, linear algebra, and programming skills, the book is self-
contained. My hope is that the inexperienced reader will find this collection of topics to
be a useful introduction to what is known, readers with more experience will be able to
find usable answers to specific questions, and that advanced readers will find this to be a
helpful platform from which to see further [Merton, 1993].

Included here are a number of “old-fashioned” subjects such as ordinary differential
equations, and “new-fashioned” ones such as neural networks. One of the major goals is
to make clear how the latter relate to the former. The modern profusion of fashionable
techniques has led to equally exaggerated claims of success and failure. There really are
some important underlying new insights that were not part of traditional practice, but
these are best viewed in that richer context. The study of neural networks, for example,

xi



xii Preface

has helped lead to more generally applicable lessons about functional approximation and
search in high-dimensional spaces. I hope that by demystifying the hype surrounding
some of these ideas I can help bring out their real magic.

The study of modeling is inseparable from the practice of modeling. I’ve tried to keep
this text concise by focusing on the important underlying ideas, and left the refinements
and applications to the problem sets as much as possible. I’ve included the problem
solutions because I use problem sets not as a test to grade correct answers, but rather
as a vehicle to teach problem solving skills and supporting material. My students are
cautioned that although the solutions are freely available, their grade is based on how
they approach the problems in class rather than on what answers they get, and so reciting
my solutions back is both obvious and a waste of everyone’s time. This organization
helps them, and me, focus attention where it should be: on developing solutions instead
of looking them up.

In this text I usually start with the assumption that the governing equations or ex-
perimental observations to be modeled are already known, and leave the introduction of
specific applications to the relevant literature (see, for example, [Gershenfeld, 1999a] for
details, and [Gershenfeld, 1999b] for context). Therefore, an important component of
the corresponding course at MIT is a semester modeling project that provides a broader
chance for the students to develop practical modeling skills in particular domains. This
is the best way I've found to communicate the matters of taste and judgement that are
needed to turn the raw material in this text into useful results. These projects are always
a pleasure to supervise, ranging from studying the spread of gossip to the spread of fire.
Some of the most valuable lessons have come from students sharing their experience
building models. To help extend that interchange to all of the readers of this text there
is a Web page at http://www.cup.cam.ac.uk/online/nmm that provides pointers to
explore, comment on, and contribute modeling projects.

I am a great admirer of real mathematicians, who I define to be people who always
are aware of the difference between what they know and what they think they know; I
certainly am not one. I hope that my presumption in reducing whole disciplines to ten or
so pages apiece of essential ideas is exceeded by the value of such a compact presentation.
For my inevitable sins of omission, comission, and everything in between, I welcome
your feedback at nmm@media.mit.edu.

It has been a great pleasure to watch my sketchy lecture notes grow up into this text
under the guidance of the many students and colleagues who have helped shape it by
their thoughtful, challenging, exasperating, inspiring questions and comments (with a
particular thanks to F. Joseph Pompei). And I am grateful to the Media Lab and its
community of sponsors and collaborators who have created an environment that lets
dreams be chased wherever they lead.

Cambridge, MA Neil Gershenfeld
April, 1998



1 Introduction

How would you describe

o The flickering of a flame?

e The texture of an oil painting?

e Highway traffic during a rush hour?
o Twinkling stars?

o Breaking glass?

¢ A bowling ball hitting pins?

e Melting ice?

o The flight of a paper airplane?

e The sound of a violin?

These questions do not have simple answers: many are active research areas. There
cannot be a single recipe that covers this whole menu. There are many possible levels
of description; choosing among them depends on your goals and on the available tools.
This text is a tour through those spaces. For example, if you seek to make a mathematical
model of a violin, you could use a numerical model based on a first-principles description.
This lets you match your model parameters to measurements on a real instrument, and
change parameters between a Stradivarius and a Guarneri. However, running it in real
time will require a supercomputer, and the effort to find good parameters for the model
is almost as much work as building a real violin. Alternatively, you could try to use an
analytical (pencil-and-paper) solution to the governing equations; in return for some large
approximations you may be able to find a useful explicit solution, but it might not sound
very good. Finally, you could forget about the underlying governing equations entirely
and experimentally try to find an effective description of how the player’s actions are
related to the sound made by the instrument (which is a reasonable thing to do because
dissipation and symmetries in a system reduce the effective number of degrees of free-
dom [Temam, 1988]). These three approaches (analytical, numerical, and observational)
comprise the three parts of this book.

To build a model there are many decisions that must be made, either explicitly or more
often implicitly. Some of these are shown in Figure 1.1. Each of these is a continuum
rather than a discrete choice. This list is not exhaustive, but it’s important to keep
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specific  <€— > general

model . first-principles
estimation models
numerical <«— >  analytical
stochastic <«— > deterministic
microscopic <€— > macroscopic

discrete «— >  continuous
qualitative «<«— > quantitative

Figure 1.1. Some levels of description for mathematical model building.

returning to it: many efforts fail because of an unintentional attempt to decribe either too
much or too little.

These are meta-modeling questions. There are no rigorous ways to make these choices,
but once they’ve been decided there are rigorous ways to use them. There’s no single
definition of a “best” model, although quasi-religious wars are fought over the question.
One good attempt is the Minimum Description Length principle [Rissanen, 1986], es-
sentially Occam’s Razor: the best model is the one that is the smallest (including the
information to specify both the form of the model and the values of the parameters).
Unfortunately, this has two serious problems: finding the minimum description length
for a given problem is an uncomputable task, and it says nothing about the error metric
that will be used to judge the model. A stock trader, civil engineer, cardiologist, and
video game designer have very different standards for success. They differ in the prior
information they have about their problem, and the posterior criteria that they will use
to evaluate and update their model. Ultimately, the strongest useful statement is that the
best model is the one that works best for you.

Surprisingly little ambition is needed to exceed the performance of almost any available
computer, and conversely computer hardware speeds have been racing ahead of the
development of software tools to use them effectively. Where computational speed is
most important, the examples in this book will use efficient portable low-level tools (such
as C and X Windows). On the other hand, where algorithm clarity is most important,
high-level environments will be used (such as Matlab). The appendices provide brief
introductions to these environments.

No single reference text covers the range of subjects in this book. To help access the
literature, each chapter ends with a list of relevant general sources, and then cites the
more specialized literature as needed throughout. Where important ideas are introduced
without any references they are either so well known that they need no further citation,
or are my own results that I have not published elsewhere (the context should make this
distinction clear). And I've used URLs (World Wide Web Uniform Resource Locators)
where possible to provide pointers to information on the Internet.
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1.1 SELECTED REFERENCES

[Press et al., 1992] Press, William H., Teukolsky, Saul A.; Vetterling, William T., &
Flannery, Brian P. (1992). Numerical Recipes in C: The Art of Scientific
Computing. 2nd edn. New York, NY: Cambridge University Press.

This is warmly recommended for almost any numerical problem. The numerical
analysis literature is full of rigorous results that have little bearing on solving
practical problems; Numerical Recipes gracefully merges theoretical insights
with practical tricks for most useful algorithms. It’s one of those rare books
that’s immediately useful by a beginner but that continues to hold new insights
for an expert.

[Pearson, 1990] Pearson, Carl E. (1990). Handbook of Applied Mathematics: Selected
Results and Methods. 2nd edn. New York: Van Nostrand Reinhold.

This is a good example of one of a number of such large reference volumes that
survey applied mathematics.
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The first part of the book looks at analytical models. These are models that you can at
least in theory write down with nothing more than a pencil and a piece of paper, hopefully
arriving at an explicit closed-form solution. Analytical modeling is often, but not always,
done with analytic functions [Saff & Snider, 1993], and so we will usually assume that
the functions we encounter can be expanded in a power series. Analytical models have
been, and continue to be, of great importance because of their power: where they are
applicable, it can be possible to deduce everything there is to know about a system. The
cost for this power is limited applicability — much of the world is simply too complicated
to describe this way.

Analytical models are still important in approximate techniques that do require com-
puters. This includes numerical methods, which can use pieces of analytical solutions to
make the numerical steps much more effective, and symbolic methods that can quan-
titatively expand the effective size of your piece of paper with significant qualitative
implications (such as the ability to do much higher-order perturbation theory).

The first chapter covers ordinary differential equations, where a collection of variables
change as a function of one independent variable (such as time). The orbits of the planets
are a classic example. The next chapter adds more independent degrees of freedom
(such as space) to arrive at partial differential equations to describe, for example, the
ripples on the surface of a lake, There is an intimate connection between local differential
equations and the global properties of a system, introduced in the following chapter on
variational methods. The last chapter looks at solutions for stochastic systems. While
being exact about something random might appear to be paradoxical, there are many
powerful techniques for exactly describing the distribution of a random variable without
saying anything about the particular value of the variable.



2 Ordinary Differential and Difference Equations

2.1 LINEAR DIFFERENTIAL EQUATIONS

Change is the most interesting aspect of most systems, hence the central importance
across disciplines of differential equations. An ordinary differential equation (ODE) is
an equation (or system of equations) written in terms of an unknown function and its
derivatives with respect to a single independent variable (such as time). Examples include
the familiar equations of classical mechanics and electrical circuits. In the next chapter we
will consider partial differential equations (PDEs), which have multiple independent
variables (such as space, for example in fluid flow or electrodynamics). The subject of
differential equations can appear to be quite tedious. In part it is: it is like learning
spelling and grammar as a necessary prelude to the study of Shakespeare. And in part
it isn’t: there can be beautiful structure lurking behind what appear to be very simple
differential equations. This chapter will concentrate on the canon of linear (or nearly
linear) differential equations; after detouring through many other supporting topics the
book will return to consider nonlinear differential equations in the closing chapter on
time series.
The simplest differential equation can immediately be solved by integration

dy _ _
= = O = dy=f dt
13}
= y(t) — y(to) = ) f(t) dt (2.1

(a point that is surprisingly often forgotten). The order of a differential equation is the
highest derivative that occurs, and so the preceeding example is a first-order equation.
If every term involves either the unknown function or its derivatives the equation is said
to be homogeneous; if there is a term that depends on the independent variable alone
(i.e., a forcing term) then the equation is inhomogeneous. If the unknown function does
not appear within powers or more complicated functions, then the differential equation
is linear, and can be written in terms of a linear operator Lx(y) defined by
N N-1
v =2 s anS Ve a0 Ay . @
There is no need for an Ay coefficient because it can be eliminated by dividing all the
other terms by it. Ly(y) = f(¢) is an inhomogeneous equation, and Ly(y) = 0 is the
associated homogeneous equation.
Linear differential equations are particularly important, in part because they occur so
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often (particularly in systems that are not strongly driven), and in part because general
techniques exist for solving them (whether or not they really apply to what might be a
nonlinear problem). Although this can be a bit like the proverbial drunk looking for lost
change under a street lamp, it is sensible if it is the only illumination available.

The solution of an Nth-order linear differential equation will contain N unknown
constants that are determined by boundary conditions. If it is an initial-value problem,
the initial values of N independent functions of the variable and its derivatives are
given (usually, ¥(0), dy/dt(0), ..., d¥~'y/dt"¥~1(0)). For a boundary-value problem,
boundary conditions are given at both the beginning and the end of an interval.

An N-order homogeneous equation Ly(y) = 0 will have N linearly independent
solutions u(t), u2(t), ..., un(t). By superposition, an arbitrary linear combination of
them will also be a solution:

N
Yo(t) = D Crin(®) 23)
n=1
This is the general solution; any solution of the homogeneous equation can be represented
by an appropriate choice of the C,.’s. If a particular solution of the inhomogeneous
problem can be found (L (y,) = f(t)), then the complete solution is y(t) = y4(t) + y,(t).
The general solution represents the transient response of the system to the boundary
conditions, and the particular solution is the result of the forcing of the system by the
inhomogeneous term.
The simplest linear differential equation has constant coefficients:

dVy a1y dy _
v T AT b Ay o Ay = £ 2.4)

An important technique for solving differential equations is to guess the functional form
of a solution (called an ansatz, or trial answer), substitute it in, and then see if the
free parameters can be adjusted to make the solution work. Because the solution of a
differential equation is unique as long as the functions defining it are reasonably smooth
and bounded [Coddington & Levinson, 1984], if you find a solution then that is the
solution. If we try the guess y = e for the solution of the homogeneous part of equation
(2.4), the result of substituting it in is the characteristic equation

PN+ ArN T4+ Ay r+ Ay =0 . 2.5)

N-1

This Nth-order polynomial has N roots. The real part of the roots represent exponentially
growing or decaying solutions, and the complex part oscillatory behavior. If all of the
roots are distinct:

N+ APV T+ o+ Ay r+ Ay = (r—ri)r—ry)---(r—ry) (2.6)

then the general solution is
N
yg =D Cne™t . @2.7)
n=1

This gives the N linearly independent solutions required for a general solution. However,
if a root has a higher multiplicity

N+ AN T Ay ir+ Ay = (r— )M —rpn) - (r—TN) (2.8)
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Figure 2.1. An RC circuit.

then this will provide fewer than N solutions. The missing solutions are found by rec-
ognizing that if Ly (e™) = 0 then

6 6 Tt
2 L(e") = Ly ( ad ) = Ly(tet) =0 |
2 (92
WLN(e”) =Ly <%e”) = Ly(et)=0 |, 2.9)

and so forth, Therefore, the M functions
(C1+ Cot + Cst? + - - + Cpgt M )en? (2.10)

are linearly independent solutions to Ly(y) = 0, and so these can be used as the M
solutions associated with the M-fold root. It might appear that this trick can be used to
generate arbitrarily many solutions by continuing to differentiate, but this is not so: a
derivative of an order higher than the multiplicity of equation (2.8) will give the useless
equation 0 = Q.

As a simple example of a linear constant-coefficient differential equation, consider a
circuit consisting of a resistor and a capacitor (Figure 2.1). The current into the node
from the resistor is (V; — V,)/ R, and the current out of the node into the capacitor is
CV,, and so the governing equation for this circuit is

cv, = Vi ;%V" (2.11)
or
RCV,+V,=V; . (2.12)
The characteristic equation gives
-1
RC-r+1=0:>r=E = V, = Ae"U/EC | (2.13)

The undriven response of the circuit is to exponentially discharge the capacitor. Now,
let’s assume periodic forcing V; = exp(iwt) and look for a particular solution at this
frequency. The voltage in the circuit is of course a real number; by representing it as a
complex number we can simultaneously keep track of both phase components (sin and
cos). Plugging in the ansatz V, = A exp(iwt) gives

1
jw+ A= = .
RCAiw+A=1 = A T FioRC (2.14)



12 Ovrdinary Differential and Difference Equations

At low frequencies the output is equal to the input; at high frequencies it rolls off as
1/w (it is a low-pass filter) and is out of phase by 90°. Problem 2.1 covers the important
example of a damped, driven harmonic oscillator.

This completes (more-or-less) everything that there is to know about solving linear
differential equations. The theory is simple and useful. The situation is very different
for nonlinear differential equations, where amidst a sea of insoluble problems live special
tricks for some tractable equations, approximation methods based on some nearby exactly
soluble problems, and qualitative insights into the behavior of classes of solutions. Because
of this, the study of nonlinear differential equations requires either a lot of specialized
attention or else numerical methods.

Another extension of this basic theory is to coupled systems of equations. Once again,
little general can be said about nonlinear systems, but for the case of linear couplings it
is possible to find exact solutions. The next section looks at this for the important case
of coupled oscillators.

22 SYSTEMS OF DIFFERENTIAL EQUATIONS
AND NORMAL MODES

The Nth-order linear differential equation (2.4) can be written as a first-order equation
for an N-dimensional vector

Yo
hn
d
= . = 2.15
dt : ( )
Yn-2
Yn—1
0 1 0 .. 0 Yo 0
0 0 1 0 " 0
: : : - : : + :
0 0 0 - 1 YN—2 0
—Any —Ayoi —An—2 - —A YN—1 f@®)

This transformation does not make the problem any simpler (it can be solved by diagonal-
izing the matrix, which requires solving exactly the same characteristic equation), but it
can be convenient to simplify notation by using a vector first-order equation [ Gershenfeld
et al., 1983].

This is a simple example of a system of differential equations. Such systems also arise
whenever there are interactions; an important special case is an unforced, undamped
system of masses with coordinates (y1,42, . . ., yn) = ¥ that have a restoring force that is
an arbitrary linear combination of their positions. The corresponding vector equation is

Y A-g=0 . (2.16)
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If the coupling matrix A is diagonal (A;; = 0 for ¢ # j) then the oscillators will be
independent, but if it isn’t then they won’t. Let’s look for a new set of variables 7 =

M~!.§, defined by an unknown transformation M, for which these equations decouple:
d*z L
W+D-z—0, (2.17)

where D is a diagonal matrix. The required transformation M can be found by changing
variables:

%+A-§:O
M-%+A-M-2:O
%+M—1-A-M-2:0
‘;itfu)-z:o (2.18)

andsoM™'-A-M =Dor A-M = M-D. This will be the case (remember that D is
diagonal) if the columns of M are the eigenvectors of A (the diagonal elements of D will
then be the eigenvalues of M). This procedure is called diagonalizing. The new variables
here are called normal modes [Goldstein, 1980, Scheck, 1990] and behave exactly like
independent oscillators. There will be as many normal modes as there are degrees of
freedom, unless there are fewer distinct eigenvectors because of degenerate eigenvalues.
Problem 2.2 finds the normal modes for a simple system.

2.3 LAPLACE TRANSFORMS

Using the characteristic equation to solve a differential equation requires separate steps
to find the general solution, search for a particular solution, and solve for the coefficients
to match the boundary conditions. Laplace transforms provide a convenient alternative,
turning many differential equations into an algebraic problem and giving the complete
solution in a single step.

The one-sided Laplace transform of a function f(t) is defined by

L{f(t)} = F(s) = /0 e~ f(t) dt . (2.19)

If the integral extended from —oo to oo this would be the two-sided Laplace transform.
The one-sided transform explicitly includes the initial conditions of the system at ¢ = 0,
and for this reason we will use it; the two-sided transform is used for steady-state problems
for which the initial conditions do not matter.

The Laplace transform is a generalization of the Fourier transform to an arbitrary
complex argument. Its usefulness for differential equations comes from recognizing that
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differentiation just multiplies that Laplace transfrom by s:

L{(—i{%} = /Oooe_“(—i% dt

= e‘“f(t)'oo + s/oo e f(t) dt
0 0
=sF(s)— f(0) , (2.20)

where the second step follows by integrating by parts

B B
/ udv=uv| — / vdu . (2.21)
A A

Similarly, for second derivatives

L{dzf(t)} = /Ooo ot LI 4

B

A

dt? dt?
- e—stdf(t) +S/ e—stdf(t) dt
dt |, 0 dt
df (0)
= s F(s) — sf(0) — Sl (2.22)
and by induction for higher derivatives
d¥ f(t) N N-1 N—29(0)
= F — - — e L7
L{ N } s"F(s)—s" T f(0)—s o
_sd*f(0) d""' f(0)
N-3

(see [Hildebrand, 1976] for the continuity requirements assumed by these results). There
is a corresponding relationship for integrals:

L {/Ot fw) du} /000 e 5t /Ot fu) du dt

e—st t o0 1 oo .
— /Of(u)duO +;/0 e S f(t) dt

S
éF(s) . (2.24)

The Laplace transform turns differential and integral equations into algebraic equa-
tions. Without proof, Table 2.1 gives a number of other Laplace transform pairs (much
longer tables are available in any mathematics handbook). Where needed it is assumed
that the arguments vanish for ¢ < 0.

In order to solve a differential equation by using Laplace transforms, the steps are

1. Laplace transform the differential equation into an algebraic equation, including the
initial conditions.

2. Solve this new equation for the unknown function in terms of the transform variable s.

3. Find the inverse transform.

There is not an automatic way to invert a Laplace transform. The easiest approach,
when it works, is to look up the inverse in a table of Laplace transforms. Many more
problems can be handled by first doing a partial fraction expansion to simplify them.
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Table 2.1. Selected Laplace transforms.

dNF(s)
L{V f)} = IV =

t L{e*f()} = F(s—a)
L {/ ft —uw)g(u) du} = L{f * g} = convolution = F(s)G(s)
0

c{y= él
L{e ™} = T
L{sinat} = 82—_?_?
L{cosat} = ﬁ?
L {sinhat} = ;%?
L {coshat} = ;%?
L{a e e_bt)} e a)l(s D)
E{a 1 b(ae‘“t - be_bt)} = CST;(sTb)

L{ e—at B e—bt
(@a—bla—c (@—b)b—o

et B 1
‘(a—c)(c—m} C (staXstb)(s+o)
{_ ae” % N be— bt
(a—bla—c) (a—bb—o)

+ ce~ ¢t } B s
(@—oc—bJ (s+a)s+b)s+e)
L6t —ty)} =e 0

Nt
c{t"y = Fm

tN—le—at B 1
E{ (N -1 } C (s+a)N

[¢]

The transform F(s) of a constant-coefficient linear differential equation will be the ratio
of two polynomials

N(s)

FO= 5

(2.25)

called a rational function. The roots of the numerator N(s) are called zeros, and the
roots of the denominator D(s) are called poles. Let the poles be {p;}X,. The partial
fraction expansion of an F(s) with distinct poles and a numerator of lower degree than
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the denominator is [Pearson, 1990]

N A.
F(s)= : (2.26)
(s) le P
where
A; = lim F(s)s—p;) . (2.27)
5—pi
The definition of the coefficients can be verified by substitution:
N s—p;
F(s)s = Pillump, = Ast D Ao = A (2.28)
7

J # : S=p;
For repeated poles p, with a multiplicity n, the terms in the partial fraction expansion
are of the form

F(s)= An A A : (2.29)

(s—p)" (s— )1 $—Pn

with
A, = lim F(s)(s —p.)" . (2.30)
S—?pn
Finally, some problems can be solved by doing a complex contour integral to invert

equation (2.19) [Saff & Snider, 1993].
Let’s return to the simple example of an RC circuit:

RCV,(t) + Vi(t) = Vi(t)
RC[sVo(s) — Vo(0)] + Vo(s) = Vi(s)

Vi(s) RCV,(0)
= +
Vo) = T3 sre T T+ 3RO

Vo(t) = (RC) e ¥ FC s Vi(t) + V,(0)e ¥/ RC (2.31)

(from Table 2.1). We see immediately that the output is the sum of the transient decay of
the initial state and the convolution of the exponential decay with the input. If as before
we take the forcing to be exp(iwt),

1 1 RCV,(0)
= +
Vol®) = T3 5RC s —iw T T+ sRC
_ 1 iwt _ —t/RC —t/RC
Vo) = 155 (e e ) +V,(0)e (2.32)

(using Table 2.1). We did not see the second part of the first term before because we did
not worry about satisfying the initial conditions; here it arises naturally from the use of
the Laplace transform.

The output y(t) from an arbitrary causal linear time-invariant system (one in which
the future is uniquely determined by the past, and the equations do not change over time,
such as a constant-coefficient linear differential equation) is related to the input x(t) by
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convolution with respect to the impulse response h(t) (the response of the system to a
delta-function input)

t
yt) = / h(thx(t — ') dt’' . (2.33)
0
Since convolution in the time domain equals multiplication of Laplace transforms,
Y(s)
H(s)= —~ . 2.3
)= %oy @34)

H(s), the Laplace transform of the impulse response, is called the system transfer func-
tion and is equal to the ratio of the Laplace transforms of the input and the output.

A general transfer function for a finite-dimensional linear system will be the ratio of
two polynomials. Since the polynomials can be constructed from knowledge of the roots,
the location of the poles and zeros completely characterizes the response of the system.
A great deal therefore can be learned about a system from the placement of its poles and
zeros. Most importantly, for the system to be globally stable, all of the poles must lie in
the left half-plane Re(p;) < 0 (recall that L{exp(at)} = 1/(s — a), and so if Re(a) > 0
then the solution will diverge). Similarly, poles off of the real axis are associated with
oscillatory solutions.

If the input is = exp(iwt) then the Laplace transform of the output is

H(s)

s —iw

Y(s)= (2.35)

(from Table 2.1). If H(s) is a rational function, the output can be found by a partial
fraction expansion

Y(s) = R(s) + — (2.36)
s —tw
where R(s) is another rational function, and
A= lim Y(s)(s —iw) = H(iw) . 2.37)

R(s) is a transient that does not depend on the input, and hence can be ignored in finding
the driven response. Therefore the steady-state output is

y(t) = HGw)e™t . (2.38)

The amplitude and phase of the output at a frequency w are given by the transfer function
evaluated at ‘w.

24 PERTURBATION EXPANSIONS

One is much more likely to encounter a differential equation that is not analytically soluble
than one that is. If the problem is related to one that does have an analytical solution,
it can be possible to find an approximate solution by an expansion around the known
one. The key is to recognize a small parameter € in the problem that in the limit € — 0
reduces to the known problem. Equally useful is a very large parameter, since its inverse
can be used to develop an approximation.
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For example, consider a harmonic oscillator with a weak nonlinear dissipation
i+r+e’=0 . (2.39)

Clearly, when € is small the solution will not be too far from simple harmonic motion.
As an ansatz we will expand the solution in powers of the small parameter:

z(t) = zo(t) + ez () + Exy(t) + OE) . (2.40)

The notation O(e*) stands for terms of order €* and higher. Now, plug this in and collect
terms based on their order. All of the terms with the same order of € must satisfy the
differential equation independently of the others, because their relationship will change
if € is arbitrarily varied:

Bo+xo+ert+ek tex it +.. =0
0(60):5304'330:0

Oy 3+ +3=0 (2.41)

and so forth. The lowest-order equation is just that for the unperturbed oscillator, and the
higher-order equations give corrections. This is a hierarchy that can be solved in order,
first finding zy, then using it to find x;, and on up to the desired order of approximation.
If the initial conditions are chosen so that xy = exp(it), then this gives for x;

&+ = et | (2.42)

The homogeneous solution is A exp(it) + B exp(—it), and a particular solution can be
found by plugging in z; = C exp(i2t), which gives C' = —1/3. The nonlinearity has to
first order introduced a harmonic into the system, a familiar feature of strongly driven
systems.

Perturbation approximations are useful if there is a natural notion of a small deviation
from a soluble problem. Another important kind of approximation is an asymptotic
expansion, which is a series expansion that applies for very large arguments (such as
t — o0). See, for example, [Pearson, 1990].

25 DISCRETE TIME EQUATIONS

It is a common and usually reasonable approximation to consider physical systems to
be continuous, and so differential equations apply. But this is not the case for digital
systems, which usually are discretized in time (there is a system clock). Conveniently,
the theory of discrete time equations is essentially identical to that for differential equa-
tions.

Take y(k) to be a series defined only at integer values of the time k (replace k with
kAt throughout this section if the time step is not an integer). An N-th order linear
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constant coefficient difference equation for y(k) is
yk)+ Ay =D+ -+ Ay_jylk — N+ 1)+ Ayylk — N)= f(k) . (2.43)

Substituting the ansatz y(k) = r* into the homogeneous equation (f(k) = 0) and can-
celling the 7* terms gives the same characteristic equation we saw for differential equa-
tions,

N+ AT e Ay r+ Ay =0 . (2.44)
Once again, if all of the roots of this N-th order polynomial are distinct

rN + Aer“l + o+t Ayttt AN = (T —r)r—1) - (r—7TN) (2.45)

then the general solution is
N
yg = Curk (2.46)
n=l

where the C,,’s are unknown coefficients determined by the boundary equations. A com-
plete solution is made up of this general solution plus a particular solution to the inho-
mogeneous problem.

If some of the roots of the characteristic polynomial are repeated,

N+ AN T+ Ay i+ Ay = (r — rl)M(r —rpe1) (T —TN) (2.47)

then recognizing that the operations of differentiation and shifting in time can be inter-
changed, and repeating the argument associated with equation (2.9), we see that the extra
solutions associated with the repeated root are

0 ko (0 k=1y —
EL(T)-L(W)_L(]CT )—O 3

62 ky — 62 kY — k—2y —

o2 L(r*)=L <—ar2r ) = Lk(k —1)r*°)=0 , (2.48)

and so forth.

26 z-TRANSFORMS

For a series y(k), the one-sided z-transform is defined by

Z{yk)} =Y(2) =Y yk)z* . (2.49)

k=0

As with the Laplace transform, a two-sided transform can also be defined for signals that
start at —oo, extending the discrete Fourier transform to the complex plane.

Just as differentiation is the most important property of Laplace transforms, time-
shifting is the most important property for z-transforms. Consider a series delayed by
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Table 2.2. Selected z-transforms.

- GF(»)
Z{kf(k)} = —2—

. Z{d"f(k)} = F(z/a)
z {Z flk - n)g(n)} = Z{f * g} = F(2)G(2)

n=0

z

Z{l}=z-—l
Z{ak}=zia

Z{6(k—n)}=2""

one time step:

Z{yk -} = yk—1)z7"

k=0
=Y yk)F W =k-1)
k=1
=z Z YKz + 27 ly(—1)z
k=0
=27 'Y () + y(—1) . (2.50)

Similarly, for a delay of two,

Z{yk—2}=> yk—2)z7*
k=0

=Y k) F?t (W =k-2)

k'=—2

=2 Z YKz + 27 2y(— 1)z + 2 Hy(—2)2?
k=0

=27 (2)+ 2 (=) + y(=2) , (2.51)

and so forth for longer delays. The z-transform turns a difference equation into an
algebraic equation. Without proof, Table 2.2 gives a few other z-transforms (where f(k) =
0 for k < 0); see the references for many more.

Many of the properties of the Laplace transform carry over to the z-transform. If
the input forcing to a constant-coefficient linear difference equation is a unit impulse
z(k) = 6(k) (6(0) = 1, 8(k #0) = 0), then the solution y(k) = h(k) is defined to be
the impulse response of the system. The output for an arbitrary input is given by the
convolution with the impulse response

k
y(k) = > h(n)z(k — n) (2.52)

n=0
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and in the 2z domain the transfer function (the z-transform of the impulse response) is
the ratio of the transforms of the input and the output

Y(2)
X(2)

The stability of a system is determined by the location of the poles of the transfer
function; for it to be stable for any bounded input signal the poles must have a complex
magnitude of less than 1 (recall that Z{a*} = 2/(z — a), which has a pole at q, so |a]
must be less than 1 for a* to remain bounded).

The frequency response can be found with a calculation similar to the continuous
time case. If the input is (k) = exp(twé;k), and H(z) is the ratio of two polynomials
N(z)/ D(z), then

H(z) = (2.53)

z
Y2)=H(:z)——+
(2)= He)
_NE =z
D(z) z — e
_ A A
= D) + pos (2.54)
with
Ay = Y(2)(z — €%)| 1 ius, = H(¥2)e™ (2.55)
Therefore the output is
y(k) = H(eiwét)eiwét eiwétk = H(eiwét )eiwét(k+l) . (256)

The solution is delayed by the one time step required to be advanced by the transfer
function, and the amplitude and phase are determined by the transfer function evaluated
on the unit circle at H(exp(iwd;)). Problem 2.3 looks at the solution for, and frequency
response of, a simple digital filter.
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P

Figure 2.2. Two coupled harmonic oscillators.

[Oppenheim & Schafer, 19891 Oppenheim, A.V., & Schafer, R.W. (1989). Discrete- Time
Signal Processing. Englewood Cliffs, NJ: Prentice Hall.

A definitive reference for one of the most important applications of the theory of
discrete time systems, digital signal processing.

28 PROBLEMS

(2.1) Consider the motion of a damped, driven harmonic oscillator (such as a mass on a
spring, a ball in a well, or a pendulum making small motions):

mi +yi + kx = et | (2.57)

(a) Under what conditions will the governing equations for small displacements
of a particle around an arbitrary 1D potential minimum be simple undamped
harmonic motion?

(b) Find the solution to the homogeneous equation, and comment on the possible
cases. How does the amplitude depend on the frequency?

(¢) Find a particular solution to the inhomogeneous problem by assuming a response
at the driving frequency, and plot its magnitude and phase as a function of the
driving frequency form =k =1,y =0.1.

(d) For a driven oscillator the Q or Quality factor is defined as the ratio of the
center frequency to the width of the curve of the average energy (kinetic +
potential) in the oscillator versus the driving frequency (the width is defined by
the places where the curve falls to half its maximum value). For an undriven
oscillator the @) is defined to be the ratio of the energy in the oscillator to the
energy lost per radian (one cycle is 27 radians). Show that these two defini-
tions are equal, assuming that the damping is small. How long does it take the
amplitude of a 100 Hz oscillator with a @ of 10° to decay by 1/e?

(e) Now find the solution to equation (2.57) by using Laplace transforms. Take the
initial condition as z(0) = £(0) = 0.

(f) For an arbitrary potential minimum, work out the form of the lowest-order
correction to simple undamped unforced harmonic motion.

(2.2) Explicitly solve (and try to simplify) the system of differential equations for two
coupled harmonic oscillators (see Figure 2.2; don’t worry about the initial transient),
and then find the normal modes by matrix diagonalization.



Problems 23

(2.3) A common simple digital filter used for smoothing a signal is
yk)y=ayk -1 +{1-a)xk) , (2.58)

where « is a parameter that determines the response of the filter. Use z-transforms
to solve for y(k) as a function of z(k) (assume y(k < 0) = 0). What is the amplitude
of the frequency response?



3 Partial Differential Equations

Partial differential equations (PDEs) are equations that involve rates of change with
respect to continuous variables, The configuration of a rigid body is specified by six
numbers, but the configuration of a fluid is given by the continuous distribution of the
temperature, pressure, and so forth. The dynamics for the rigid body take place in a
finite-dimensional configuration space; the dynamics for the fluid occur in an infinite-
dimensional configuration space. This distinction usually makes PDEs much harder to
solve than ODEs, but here again there will be simple solutions for linear problems. Classic
domains where PDEs are used include acoustics, fluid flow, electrodynamics, and heat
transfer.

31 THE ORIGIN OF PARTIAL DIFFERENTIAL EQUATIONS

In the preceeding chapter we saw how the solution for two coupled harmonic oscillators
simplifies into two independent normal modes. What does the solution look like if there
are 10 oscillators? 10'°? Are there any simplifications? Not surprisingly, the answer is yes.

Consider an infinite chain of oscillators (Figure 3.1). The governing equation for the
nth mass is

myn = _k(yn - yn+1) - k(yn - yn—l)

k
yn = _(yn+1 - Zyn + yn——l)
m

6_3: Yn+1 — Zy'n + Yn—1

=k éz 522

A m
T
1/p
The two prefactors are the average spring constant 7 and mass density p (remember that
springs add inversely proportionally), and the final term is just an approximation to the

second spatial derivative:

3.1)

@ Yn—1—Un
Or bz
@Ni yn+1_yn_yn_yn—l
ort bz bz bz
Yn+l — Zyn + Yn—1
= . 2
522 (32)

24
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pl P

n-1 n n+1

Figure 3.1. A chain of harmonic oscillators.

Therefore in the limit of a small spacing between the springs, the system of ordinary
differential equations for a chain of harmonic oscillators reduces to a single partial dif-
ferential equation

=124 (3.3)

This equation is solved by a travelling wave. To see this, substitute a general solution
y= f(x+ct)

2 //_T "
fr=—f
p

e=+,/7 . (3.4)
P

This represents an arbitrary disturbance travelling to the right and left with a velocity c:
the location of the origin (for example) of f is determined by z+ct =0 = z/t = —c. If
there are nonlinearities the velocity will no longer be independent of the shape of the pulse:
different wavelengths will travel at different speeds, a phenomenon called dispersion.
Note that unlike the case for ODEs, the general solution involves an undetermined

function and not just undetermined constants.
This same equation can be found directly by considering the transverse motion of
an infinitesimal element of a continuous string that has a density of p and a tension 7
(Figure 3.2). The governing equation for the transverse displacement y of this element is

ma = F
(92
pda:—‘g:'rsinﬁ — Tsinf
at z+dx T
~ Ttanf —Trtan@
z+dx z
0 0
=~ 'ra—Z - 'ra—Z
z+dx z
(92 (92
oy T%Y (3.5)
ot pox?

As a final example of the origin of partial differential equations, consider a highway
for which position is measured by z, the density of cars by p(z), and the rate at which
cars pass a point by I(x). In a time interval dt, the difference in the number of cars that
enter and leave an interval dz is [I(z) — I(z + dz)]dt. This must be equal to the change
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v

Figure 3.2. An infinitesimal piece of a string.

in the number of cars at that interval [p(t + dt) — p(t)]dx because the total number of
cars is (usually) conserved. Equating these gives

[o(t + dt) — p()]dz = [I(x) — I(x + dx)]dt
p(t +dt) — p(t) + Iz +dz) — I(z) ~0

dt dx
Op , OI _
N + e 0 . (3.6)

Now, assume that a driver’s response can be modeled by a relationship between the traffic
flow and density I(x) = f(p(z), ). Multiplying both sides of equation (3.6) by 01 /0p

gives
op01  O10I _
otdp Oxdp
3l , 3f(p,x) Al _

TR 3.7)

Modeling traffic with a PDE can be a very good approximation, and can explain many
observed traffic phenomena such as shock fronts and stationary disturbances [Whitham,
1974].

3.2 LINEAR PARTIAL DIFFERENTIAL EQUATIONS

As with ordinary differential equations, we will immediately specialize to linear par-
tial differential equations, both because they occur so frequently and because they are
amenable to analytical solution. A general linear second-order PDE for a field ¢(z, y) is
Fp Fo Oy _Bp _Op _
AW+B8x8y+C(9_y2+D%+E5y—+F(p—G , 3.8)
where G(x, y) is specified in some portion of the (x, y) plane and the solution must be
determined in another portion.

A characteristic of a PDE is a surface across which there can be a discontinuity in the
value or derivative of the solution. These define the domains which can be influenced by
parts of the boundary conditions, much like the concept of a light cone in the space-time
plane of special relativity [Taylor & Wheeler, 1992]. The characteristics of equation (3.8)
are determined by the roots of a quadratic polynomial and accordingly can have the form
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of a hyperbola, a parabola, or an ellipse based on the sign of the discriminant B? — 4AC
[Hildebrand, 1976, Pearson, 1990]. The standard forms of these three cases define the
most common PDEs that we will study:

o B2 —4AC > 0 (hyperbolic)

16
Vo= So5 (3.9)
—4AC = 0 (parabolic)
10
2,= 9% .
Vo= S5 (3.10)
— 4AC < 0 (elliptic)
Vig=p . (3.11)

The first of these is a wave equation (like we found for the coupled harmonic oscilla-
tors), the second is a diffusion equation (for example, for heat or for ink), and the third
is Poisson’s equation (or Laplace’s equation if the source term p = 0) and arises in
boundary value problems (for example, for electric fields or for fluid flow).

3.3 SEPARATION OF VARIABLES

These three important partial differential equations can be reduced to systems of ordinary
differential equations by the important technique of separation of variables. The logic
of this technique may be confusing upon first aquaintance, but it rests on the uniqueness
of solutions to differential equations: as with ODEs, if you can find any solution that
solves the equation and satisfies the boundary conditions, then it is the solution. We will
assume as an ansatz that the dependence of the solution on space and time can be written
as a product of terms that each depend on a single coordinate, and then see if and how
this can be made to solve the problem.

To start, the time dependence can be separated by assuming a solution of the form
o(Z,t) = Y(Z)T'(t). There is no time dependence for Laplace’s equation; trying this in
the diffusion equation gives

‘9T(t) (3.12)

TV (@) = —wv
Dividing both sides by 4T results in no ¢ dependence on the left hand side and no ¥
dependence on the right hand side, so both sides must be equal to some constant because
the space and time variables can be varied arbitrarily. By convention, taking this constant
to be —k? gives
1 1 dT 3

DT dt (3.13)

2
wv Vi@ =

The t equation can immediately be integrated to find

T(t) = Ae ¥ Dt | (.14)
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and the ' equation is Helmholtz’s equation

Vi@ + @ =0 . (3.15)
Similarly, for the wave equation this separation gives
1 _, 1 1d*T 5
—_— =S S—=—=-k" . .
Wv Y@= S5 (3.16)
The time equation is solved by
T'(t) = Asin(kct) + B cos(ket) 3.17)

and the space equation is Helmholtz’s equation again.

Solving Helmholtz’s equation will depend on the coordinate system used for the prob-
lem. There are three common ones used in 3D, based on the symmetry of the problem:
rectangular, cylindrical, and spherical. Writing the derivative operators in each of these
systems is a straightforward exercise in applying the chain rule to the coordinate defini-
tions.

3.3.1 Rectangular Coordinates

Writing the Laplacian V2 in rectangular coordinates leads to Helmholtz’s equation as

o O O
2+ k= — + ==+ == + k=0 . :
Ve + k% 522 o T o2 k*y (3.18)
Assume that Y(Z) = X(z)Y (y)Z(z), substitute this in, and divide by it:
1 d*X 1 4y 1 d&Z
+ -+ ——=
X(z) dz*  Y() dy* Z(2) dz?

+k=0 . (3.19)

Since each term depends only on z, y, or z, the only way that this equation can hold is
if each has a constant value (determined by the boundary conditions)

1 &x o, 1 &y _ ., 1 dZ_

——— ==k, ——— = k), ——— = — 3.20
X(z) da? P Y(y) dy? Y Z(z) dz2? 3 (3-20)
with k? + k2 + k2 = k2. Each of these can be integrated to find
X = Aleiklz + Ble—iklz
Y = Azeikzy + Bze—ikzy
Z = Azets® 4 Bje e (3.21)
Multiplying these back together, the spatial solution has the form
W(F) = Ae*E (3.22)

with k- k = k2.
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Figure 3.3. Cylindrical coordinate system.

As an example, let’s return to the 1D wave equation that we found from a chain of
harmonic oscillators

Oy  18%y
o2 " doe 3.23)
With the separation y(x, t) = X(x)I'(t) this becomes
T d? X
‘fi_z +2K*T =0 —— +kX=0 , (3.24)
solved by
T = Asinckt + B cos ckt X =Csinkx+ Dcoskzr . (3.25)

We know that the chain must be fixed at the ends (X(0) = X (L) = 0). This implies that
D =0, and that allowable values of the separation constant k are k, = nw/L for integer
n. Therefore the general solution is

y(z,t) = Z sin (%x) [An sin (c%t) + B,, cos (cn-;f—tﬂ . (3.26)

These are the normal modes of a string, with the oscillation frequency of each mode
proportional to the number of cycles across the string.

3.3.2 Cylindrical Coordinates
In cylindrical coordinates (Figure 3.3), the Helmholtz equation is

Y 10 10%) o
v2¢+kl¢_—¢+raf+rzaf af Kyp=0 . (3.27)

Once again, try separating by substituting in ¢ = R(r)®(p)Z(z) and dividing by it:
1 [dZR 1 dR] L1 ch1> 1d2Z
R

i ——— + k= . 28
dr?  rdr r? dgo Z dz? 0 (3.28)



30 Partial Differential Equations

The terms will cancel if

1420
@ d?
14z _
Zdz ¢
1[d2R+1dR] m?

— K

-+ =0 (3.29)

R

dr® rdr
for constants o and m (these definitions are conventional). The first equation is easily

solved:

® = Asinmp+ Becosmyp . (3.30)

For the solution to be single valued ®(p + 27) = ®(p), and so m must be an integer.
The second equation is similarly solved:

Z = Ce*V¥k 4 DemrvVei—k (3.31)

Rewriting the radial equation in terms of r = p/a,

d*R 1dR < m2>
—t+t——+(1=-—— | R=0 . 3.32
a7 " pdp 7 (332

This is Bessel’s equation; its solution is given by Bessel functions
R=FEJ,(ar)+ FN,(ar) . (3.33)

N, is singular as r — 0 while J,, is not, so if the solution is finite at the origin F' = 0.
If the radial solution must vanish for some r value it is necessary to know where the
zeros of Jp, occur; these are tabulated in many sources (such as [Abramowitz & Stegun,
1965]). The lowest ones are

Jo(z) = 0 = z ~ 2.405,5.520,8.654, . ..
Ji(z) =0 = z ~ 3.832,7.016,10.173, . ..
J(z) =0 = z ~ 5.136,8.417,11.620,... . (3.34)

If a = 0, the radial equation becomes

&R 1dR m?
+ — ;. — — = .
dr?  rdr rl E=0 , (3.33)

which is solved by

Gr™+ Hr™™ (m#£0)

R(r) = { Gt Hlr  (m 0, (3.36)
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Figure 3.4. Spherical coordinate system.

3.3.3 Spherical Coordinates

Finally, in spherical coordinates (Figure 3.4) we want to separate

Vi + k=0
18 1 oY 1 0% _
r Or 2( /(L') 7'2511‘10 |:60 <Sln060> +m6—8021| +k‘2/l/)—0 . (337)
Let’s start with the radial part: ¥ = R(r)Y (6, )
11 & 1 1 [0 Y 1 Y] ., _
Rran rleina[aer(S‘ 080) 51n9(9—g02]+k =0
o] [3<103_Y 162Y] )
Ysind (80 \""° 80 ) " sin 0,2 )
11 d? A
Rrg2U Ot kl—ﬁ=0 (3.38)

for a constant A. If k% £ 0, substituting r = p/k and then R = S/,/p gives Bessel’s
equation again:

(57;3 ;‘;ﬁ + <1 )\—.:)—l/i> S=0 |, (3.39)
with the solution
R= A\/_J\//\—Hﬁ(kr) + B\/_N\//\—Hﬁ(kr) . (3.40)
If k* = 0, the radial equation simplifies to
! d22( R) - )\ =0 , (3.41)

solved by
R= Ar(—l+v1+4)\)/2 +B,r,(——l——\/1+4)\)/2 . (342)
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Now separate the angular parts with Y = O(6)D(p):

1 1 d ,0d® + 1 le(I)_'_)\ 0
—_—— simny—-— —_— =
©sinddo \"" dd ) sin’0® dg?
N _1_d2® — 2
ddr
1 d (. dO m?
— — )+ — = . .
Snd 90 <sm0 dH) <)\ sin20> 0=0 (3.43)
The solution of the ¢ equation is
® = Ae'™¢ + Be™™ | (3.44)

For the 8 equation, substitute = cos §:

d’® 2x dO 1 m?
—-— = — — ®=0 45
dr? 1—zxtdx 1-2? [)\ 1—3:2} (345
This is Legendre’s equation, solved by the Legendre functions
0 = CO(z) + DQ™(x) (3.46)

with [(1 + 1) = \.

34 TRANSFORM TECHNIQUES

In the previous section we saw that separation of variables can turn partial differential
equations into ordinary differential equations; this can also sometimes be done by taking
the Fourier transform. For example, start with the PDE

Vie+A—Z +B-X=0 . (3.47)
@(Z, t) is related to its Fourier transform @(E, t) by
o(Z, 1) = / ®(k, t)eiF E dic
Ok, t) = % /_ ) o(F e FF 4z . (3.48)

Substituting in the transform for ¢ in equation (3.47), exchanging the order of differen-
tiation and integration, and grouping terms,

00 . (92 . o . - 5
—K +A— +B— REdk=0 . :
/_oo [ k*®(k,t) A8t2 DOk, t) Bat(I)(k, B e dk=0 (3.49)
The only way that the integral can equal zero for all x is if the integrand vanishes. The
integrand now depends only on ® and its time derivatives; if a solution can be found to
this ordinary differential equation in ¢

. * - a _ -
— 2 —_ —_— =
KOk, 1)+ A O(F, 1) + B Ok, 1) = 0 (3.50)
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then it will solve the integral equation. A solution to this differential equation can be
multiplied by an arbitrary function of k and still be a solution; this function is determined
from initial conditions by the transform

oo

(K, 0) = % / o(F, 0 *% d7 . (3.51)
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36 PROBLEMS

(3.1) Consider a round drumhead of radius L. For small displacements its motion is
described by a linear wave equation. Find the frequencies of the six lowest oscillation
modes, and plot the shape of the modes.

(3.2) Solve a 1D diffusion equation with Fourier transforms.

(3.3) Assume a crowded room full of generous children who have varying amounts of
candy. Let ¢, (¢;) be the amount of candy held by the n, mth child at time ¢;.
Because of the crowding, the children are approximately close-packed on a square
grid. The children want to equalize the amount of candy, but it is so noisy that they
can only talk to their nearest neighbors (although they are wearing watches). Find
a simple strategy for them to use that results in the candy being evenly distributed,
and in the continuum limit find a familiar PDE that is equivalent to this strategy.



4 Variational Principles

So far, we have discussed a variety of clever ways to solve differential equations, but have
given less attention to where these differential equations come from. In this chapter we
will look at a very powerful general approach to finding governing equations for a broad
class of systems: variational principles. These replace local rules with global constraints
which can be much easier to understand, and which can then be used to derive the local
equations. The foundations of many disciplines can be written either in local or global
forms; historically this has been the subject of intense religious debates (figuratively and
literally).

41 VARIATIONAL CALCULUS

4.1.1 Euler’s Equation

A variational principle is one that states a problem in terms of an unknown function that
makes an integral take on an extremum (a maximum or a minimum; frequently a problem
is constrained so that it is not necessary to distinguish between these). For example, let’s
say that we seek the function y(x) that minimizes the distance between two points in a
plane (not a very ambitious problem). If ds is an element of the path length along this
curve, the total length of the curve is

3 3 T d 2
I=/ ds=/ Vdzt + dy =/ 1+ <d—Z) dx “.1)
) x) )

(the integral is broken into segments if the curve is not single-valued). More generally
(in 2D), an integral defining a variational constraint may be written as

z= [ * (@), 9(@), ] da 42)

(y = dy/dx). We are writing y and y independently because the function may involve
either or both; they will soon become related through a differential equation. To find the
solution to this problem, let’s start as we often do by assuming that we’ve already solved
it. Let y(x) be that solution, and let

y(z, a) = y(z) + an(z) (4.3)

represent the solution with an arbitrary curve 7 added that has the property n(x;) =

34
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Figure 4.1. Variational paths.

mxz2) = 0 (Figure 4.1). Therefore, y(z,0) = y(x) and by definition [ is extremal for
a=0:

dz

—=0 . 4.4

Io (44
This is sometimes written 61 = 0. To solve this equation, first differentiate under the
integral and apply the chain rule:

dz _ [ [0f 0y ﬁ@] -
da /z [8y6a+6yaa dr=0 . 4.5)

The second term can be integrated by parts:
T2 . x; x2 x2
0/0y _ ["0fd 0y, _0f% —/ i(‘a—f)@dx . (4.6)
o Ju dz \0y) Oa

1

o OU0a  J, 8ydzxda x_8y8a

—— S~~~
0 n(x)
Therefore
dZ =[1af d (of
— = - - — | = dr = . .
o= [, (5@ ()| oras=o0 4
Since this must hold for all choices of 7, the expression in the square brackets must
vanish:
of d [Of
———=1]=0 . .
5~ (o) &9

This is Euler’s equation for a variational extremum. Repeating this derivation for a func-

tion that depends on D variables f(y1(z), y2(x), - . . , yp(x), 11(x), 1), - - ., Yp(T), T),
Euler’s equation becomes a set of D equations

of d (8f\ _
ayi‘ﬂ<ayi)'° ‘ (*9)

This is a common, correct, and confusing notation. The partial derivatives are taken
with respect to the symbols ¢ and ¥ as if they are unrelated, then their usual relationship
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is restored to solve the resulting differential equation. This procedure keeps track of
the chain rule for how they appear in the function, and is straightforward to perform
in practice. But the notation is strained because it is really expressing an algorithm
rather than a functional relationship. An intriguing alternative made possible by computer
symbolic manipulation is to give up on conventional mathematical notation entirely and
do variational problems entirely in an algorithmic language [Abelson et al., 1997].
Returning to equation (4.1), we can now see that
0F _o 0f - _ ¥ (4.10)

=y1l+gP=>—=0, ==
d Y 9y 1+ 2

and so Euler’s equation is

d Y
— =0 . 4.11
g ( s yz> (@.11)
Integrating,
: 2
Y -~ 2_ C
=C= =
V1+2 Vo1t
for any C. The slope is constant; we have just made the significant discovery that the
shortest distance between two points is a straight line.

(4.12)

4.1.2 Integrals and Missing Variables

If some of the variables are missing in the function f, first integrals of Euler’s equation
exist and can be used to help find solutions. This is an example of the deep connection
between symmetry and conserved quantities, to be developed in Section 4.2.3.
If f does not depend on y, then

d (0f of

— =] =0= == 4.13

d <ay) 9 *13)
where C is an integration constant determined by the boundary conditions. Similarly,
if f does not depend on z, Euler’s equations becomes a first-order ordinary differential
equation

f- yaf . (4.14)

To see this, differentiate with respect to x:

a fN_9of  of. o8f &f , &Ff .
U 955) = 59 559 50~ o~
of of o f
=gl = - —=9— i . 4.15
v <8y aydy’ ~ o y) (1)
Equation (4.14) then follows from this because the right hand side vanishes, since for the
case Of /0z = 0 Euler’s equation becomes

(9f of of o . O . O _

—- = < < 55— — . .16

8y <8y) Ay 8y8yy 8y2y (9x(9y (+16)
N’

0
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Finally, if f does not depend on ¢ then Euler’s equation reduces to the algebraic equation
flz,y)=C . 4.17)

The integrals frequently involve a path length 1/1 + 72 in the argument, which can lead
to hyperbolic functions in the solution. These are defined by analogy with trigonometric
functions

T + —ix Tz _ p,—ix
cos(z) = ¢ 26 sin(z) = e—?:—
T 4o T _ -

cosh(x) = e—z—e— sinh(z) = 26 (4.18)

(pronounced “cosh” and “sinch”). They arise because the derivatives of their inverses
have the simple form

s D= o () m=

4.1.3 Constraints and Lagrange Multipliers

- 2 . . . .
Often, a variational problem é [, f dz = 0 comes with an ancillary integral constraint

/ zg[y(x),y(x), z]dr=C (4.19)

1

for some constant C'. For example, the problem may be to find a minimal energy curve or
surface with a given length or area (Problem 4.1). This is handled by recognizing that if
[ solves the variational problem and g satisfies the constraint equation, then A = f + \g
will also satisfy Euler’s equation for any A. This is because

/hda:=/(f+)\g)da:=/ fda:+)\/ gda:=/ Fdz+XC  (4.20)

and so if f is extremal then h will also be (the other term is a constant). Solving Euler’s
equation for f + Ag introduces the new variable, A, called a Lagrange multiplier, into
the solution. It paramaterizes a family of solutions all of which are extremal with a value
of the constraint integral that depends on the choice of A, which is then determined by
the boundary conditions on the problem. If there is more than one constraint,

/ ' aly(@), 9(@), 7] dz = C

1

x2
/ @ly(x), y(z), zl dx = C; 4.21)
x)
then there will be a Lagrange multiplier for each constraint equation b = f+A1g; + \1g,.
The logic of using a Lagrange multiplier is hard to follow when first encountered, but
straightforward to implement and is an extremely important trick. For example, statistical
mechanics is derived by finding the population distribution that maximizes the entropy of
a system with a set of constraints; the Lagrange multiplier associated with a fixed average
energy gives the temperature of the system, and the one associated with a fixed average
number of particles gives the chemical potential of a particle.
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42 VARIATIONAL PROBLEMS

4.2.1 Optics: Fermat’s Principle

Many physical laws can be derived from variational principles; depending on one’s taste
this may be viewed as simply convenient or deeply significant, An important example is
provided by optics. The velocity v of a photon in a medium is related to its velocity in a
vacuum c by the index of refraction n = c¢/v. Fermat’s principle states that a light ray
will choose the path that minimizes the total transmit time. This means that the following
variation vanishes between the start and the end of the path:

2 2 ds 2
6/nds=6c/ —=6c/ =0 |, (4.22)
1 1 v 1

and so f = n ds satisfies Euler’s equation. In 2D this leads to the equation

0= 2 (WVIFF) - 1 | 5 (nVTF )|

a0y
on(y) — d ny)y
= i+ — — 22 )
3y 1+7y Ay (4.23)

Problem 4.2 solves this at the interface between two mediums.

4.2.2 Analytical Mechanics: Hamilton’s Principle

For a classical conservative system (one in which all the forces can be derived from
potentials, which means that there is no dissipation), the Lagrangian is equal to the
difference between the kinetic energy U and the potential energy V

La®), q@),....,=U =V . (4.24)

The generalized coordinates g;(t) are degrees of freedom that can be varied independently
and that are chosen by their convenience for specifying the potential and kinetic energy.
The great virtue of a Lagrangian formulation of a problem is that by using generalized
coordinates it is possible to avoid explicitly writing the constraint forces that appear in a
conventional coordinate system.

The integral over a path of the Lagrangian is called the action

2
7= / L@ di(d),.... 0 dt . (4.25)
1

According to Hamilton’s variational principle, the system’s trajectory in its configuration
space will be the one that makes the action extremal (61 = 0). Therefore, the Lagrangian
satisfies Euler’s equations:

oL d /0L
5e i (5)=0 (4:20)

In this context these are called the Euler—Lagrange equations. They allow the governing
equations to be found directly from knowledge of the energy in a system. As a simple
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example, take a particle in a quadratic potential so that the Lagrangian is

mi+ky=0 . 4.27)

This of course is just a simple harmonic oscillator. Problem 4.3 covers an example for
which the equations are much harder to find without the use of a Lagrangian.

4.2.3 Symmetry: Noether’s Theorem

Symmetries of systems are coordinate transformations that leave the governing equa-
tions unchanged; in this section we will see that for each symmetry there is a conserved
quantity (an integral of the motion) that is invariant along the system’s trajectory in its
configuration space. These invariants are so valuable because each one decreases by 1 the
effective dimensionality of the system of differential equations that must be solved.

Let f; be a coordinate transformation operator that is parameterized by s (for ex-
ample, a shift f, that replaces ¢ with ¢ + s) and that does not change the Lagrangian,
with f.=o equal to the identity transformation that makes no change to the system. If
q(t) = (q1(t), @2(t), - . .) is a solution of the Euler—Lagrange equations then by assumption
g(s,t) = fs[q(t)] is also a solution:

d oL
dt dg;

Also, since the Lagrangian is invariant under the transformation

- [q(s, 1), (s, )] = ——[(T(s t),qts, O (4.28)

d : oL dqi(s, t) oL dqi(s, t)}
= — = —_— + — .29
0= g A0, ds01= 3 [ e a5 Toi ds (429)
Combining these two equations gives
d (9[, dqi (9[, d dqi }
= — =)y 24 2= il
0 ZZ: [dt <8qi) ds 0¢; dt <ds)
dZ
= — 4.30
g (4.30)
where
oL d
I= Z Fa 3@ (4.31)

This is called Noether’s theorem (after the mathematician Emmy Noether). It is true for
all s, but in particular it is true at s = 0. Therefore, the integral invariants can be found
by considering an infinitesimal neighborhood of the identity transformation.
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Figure 4.2. Axes for the motion of a rigid body.

The simplest example is translational invariance fs(g;) = ¢; + s. The corresponding
integral is
_ocL
- 94

oL
04

(g; +3) 4.32)

d
ds
If ¢; enters into £ as mg? /2, then this integral is just the momentum mg; (which could be
linear or angular depending on the generalized coordinate ¢;). Conservation of momentum
is really a statement of the translational invariance of a system.

43 RIGID BODY MOTION

An important application of Lagrange’s equations is to the motion of rigid bodies, such
as a spinning top. Developing this connection will require a small detour to describe the
configuration of a rigid body.

Let the distribution of mass be p(Z), and let the origin for I be taken to be the center
of mass so that

/ pHDEdE=0 . (4.33)

This discussion is for a continuous mass distribution, but it also applies to a discrete
distribution if the integrals are replaced with sums.

Consider the motion of a point Z in the rigid body. Its position can also be measured
from a fixed external coordinate system (7), and in this frame let the position of the center
of mass be R. In addition to translation the body can also rotate; let the rotation be by
an angle 0 around an axis 0 (Figure 4.2). If both the position of the center of mass and
the angle change, the position of the point as seen in the fixed frame changes by

di=dR+df x ¥ . (4.34)

Dividing both sides by dt shows that the velocity of the point is the sum of the velocity
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of the center of mass of the rigid body and a term that depends on the rotation:
T=V+dxF (4.35)

(&= dé /dt). Therefore in a rotating frame the time derivative operator gains an extra

cross—product term
af af -
—= — | = + . .
(dt) . (dt) wx f (4.36)
rotating fixed

Now let’s calculate the kinetic energy of the body so that we can find the Lagrangian:
U= [ sl@r a
= —l—/p(a—:')|‘7+cf)' x Z|* dZ
—|V|2/p(5:')da:+V /p(i:')w X ¥ dZ + 1/p(5:’)|w x Z|* dZ
EM|V|2 +(V x@)- /p(m' d§:'+—2—/p(5:')|c3 x Z|* dx 4.37)
-

0

(the last line uses the identity A (1§ X C_") = (fi' X 1§) . C_"). The kinetic energy is the
sum of two terms. The first one just depends on the translational motion of the center
of mass, and the second depends only on the internal rotation. The second term can be
simplified by writing it in terms of a dot product. Letting the angle between & and £
be a,

H

i

|5 x 2* = |52 sin*(a)
= |3*|Z*(1 — cos*(e)
= |2 - @ - 2

=33 willEli; — mzsw; (4.38)
g
Plugging this back into equation (4.37),
U= %me2 + % ZZ%/P@)[WP%’ — z;x;] dT w;
i g E‘jij _

M|V|2 —*T Jo 4.39)

(where &7 is the transpose of the vector o). J is called the inertia tensor. If the coordinate
system in the rigid body is transformed to diagonalize the inertia tensor (as we did for
normal modes), the eigenvalues (I}, I, I3) are called the moments of inertia around the
eigenvectors called the principal axes, and the kinetic energy reduces to

1=, 1 1 1
U= 2M|V|2 + EIlwf + EIM + szg : (4.40)

The inertia tensor is diagonal with respect to the principal axes, but it is not diagonal
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Figure 4.3. Definition of Euler angles.

when viewed from a fixed external frame. Therefore, to calculate the kinetic energy it will
be convenient to transform from the fixed frame into the moving principal axes frame.
This transformation can be parameterized by taking for generalized coordinates the Euler
angles which can be varied independently (Figure 4.3). In the standard definition used
for rigid body motion, there is a rotation of ¢ around the third axis, a rotation of § around
the new position of the first axis, and then a rotation of ¢ around the new position of
the third axis. As the body moves, these angles are measured between the principal axes
and a coordinate system that moves with the center of mass but remains aligned with the
external frame.

The angular velocities around the body’s principal axes can be related to the derivatives
of the Euler angles through simple trigonemetry in Figure 4.3:

w) = B costp + sinfsine)
wy = —@sine) + @ sin  cos
ws=pcosh+e) . (4.41)

Therefore, the rotational kinetic energy is

Urot = ';’ Z Iiwg

= %Il(é cost) + psin O siny) + %IZ(—Q sin ¢ + ¢ sin 0 cos ¥)?
+%I3(<p cosf + ) . (4.42)

Applying Lagrange’s equation to this gives the Fuler equations for rigid body motion.
Ignoring the translational energy, and assuming there are no external forces, these take a
particularly simple form:

Lun = (I — L)waws
Ly, = (I3 — I)wsw
I3d}3 = (Il - Iz)u)lu)z . (443)

If the principal axes are ordered so that Iy > I, > I}, the middle equation has a positive
coefficient while the first and third have negative coefficients. Small perturbations about
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LS50

Figure 4.4. Mass on a hoop.

the middle axis will grow exponentially. To see this experimentally, take an object such
as an eraser or a book and try to throw it up while spinning it around each of the principal
axes in turn.
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45 PROBLEMS

(4.1) Consider a chain of length L and density p that is hanging between two posts. Find
the general form for the shape that minimizes the potential energy. Remember that
the potential energy of a segment ds is p ds g y.

(4.2) Consider a light ray travelling in a medium that has index of refraction n; for z < 0
and n for £ > 0. As it crosses the line z = 0 its angle with respect to the z axis
will change. Solve Euler’s equation to find the simple relationship between the two
angles.

(4.3) Find the Lagrangian for a mass on a spinning hoop (Figure 4.4), and use it to find
the equation of motion. What is its form for small oscillations?



5 Random Systems

So far we have been studying deterministic systems. But the world around us is not
very deterministic; there are fluctuations in everything from a cup of coffee to the global
economy. In principle, these could be described from first principles, accounting for the
actions of every molecule in the cup or every person on the planet. This is hopeless of
course, for even if we could determine the initial condition of the whole system, any
tiny errors we made would rapidly grow so that our model would no longer be exact.
Even if that wasn’t a problem, such an enormous model would offer little insight beyond
observing the original system.

Fortunately, random (or stochastic) systems can be as simple to understand as deter-
ministic systems, if we’re careful to ask the right questions. It’s a mistake to try to guess
the value of the toss of a fair coin, because it is completely uncertain. But we can quite
precisely answer questions about the likelihood of events such as seeing a particular string
of heads and tails, and easily model a typical sequence of tosses. In fact, simple stochastic
systems are as straightforward as simple deterministic ones. Just as deterministic sys-
tems get harder to understand as they become more complex, stochastic systems become
harder to understand as they become less ideally random, and approximation methods
are needed to describe this deviation.

Different problems lie at different ends of this continuum. For a bridge builder, the
bridge had better remain standing with near-certain probability, so the uncertainty is
~ 1 — ¢, where ¢ is very small. For a financial trader, markets are nearly random, and
so any (legal) trading strategy must start with the assuption of near-random uncertainty.
There, the probabilities are ~ 0.5 + e. The representations appropriate to 1 — € are
different from the ones aimed at 0.5 + ¢, but they do share the central role of variables
that are random rather than deterministic.

Our first step will be to look at how to describe the properties of a random variable,
and the inter-relationships among a collection of them. Then we will turn to stochastic
processes, which are random systems that evolve in time. The chapter closes by looking
at algorithms for generating random numbers.

51 RANDOM VARIABLES

The most important concept in all of stochastic systems is the idea of a random variable.
This is a fluctuating quantity, such as the hiss from an amplifier, that is described by
governing equations in terms of probability distributions. The crucial distinction between

44
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random variables and ordinary deterministic variables is that it is not possible to predict
the value of a random variable, but it is possible to predict the probability for seeing a
given event in terms of the random variable (such as the likelihood of observing a value
in a particular range, or the functional form of the power spectrum). An ensemble of
identical stochastic processes will generate different values for the random variables, but
each member of the ensemble (or realization) will obey these same distribution laws.
It is important to distinguish between the random variables that appear in distribution
functions and the particular values that are obtained in a single realization of a stochastic
process by drawing from the distribution.

The simplest random system consists of values x taken from a distribution p(z). For
example, in a coin toss z can be heads or tails, and p(heads) = p(tails) = 1/2. In this
case x takes on discrete values; it is also possible for a random variable to come from a
continuous distribution. For a continuous variable, p(z) dz is the probability to observe
a value between x and x + dz, and more generally

b
/ p(x) dz (5.1)

is the probability to observe x between a and b. For a continuous variable, remember that
p(x) must always appear with a dz if you want to make a statement about the likelihood
of an observable event — a common mistake is to try to evaluate the likelihood of an
event by using the value of the density p(x) alone without integrating it over an interval.
That is meaningless; among many problems it can easily lead to the impossible result of
probabilities greater than 1.

Now consider a string (x1, Z2, . .., £n) of N z’s drawn from a distribution p(z) (such
as many coin tosses). The average value (or expectation value) of a function f(zx) is
defined by

1 N
(f@)) = Jim — 2; f:) (52)

/_ 1) pla) dz

(in the statistical literature, the expectation is usually written E[ f(x)] instead of ( f(x))).
The equivalence of these two equations can be taken as an empirical definition of the
probability distribution p(z). This is for a continuous variable; here and throughout this
chapter, for a discrete variable the integral is replaced by a sum over the allowed values.
If p(z) is not defined from —oc to oo then the integral extends over the values for which
it is defined (this is called the support). A trivial example of an expectation value is

oo

<1)=/ pz)dz =1 (5.3)

—Oo0

(since probability distributions must be normalized). An important expectation is the
mean value

Z=(x)= /00 zp(x)dz . (5.4)

~ 00

The mean value might never actually occur (for example p(x) might be a bimodal dis-
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tribution with two peaks that vanish at p(Z)). Therefore, another useful quantity is the
value of x at which p(x) is 2 maximum, the maximum likelihood value.

The mean value tells us nothing about how big the fluctuations in x are around it. A
convenient way to measure this is by the variance o2, defined to be the average value of
the square of the deviation around the mean

%) — (z)? (5.5)

(remember that Z = (z) is just a constant). The square root of the variance is called the
standard deviation o,. To calculate the variance, we need to know the mean value, and
the second moment

(z?) = / b 2 p(x)dz . (5.6)

—00

It is similarly possible to define the higher-order moments (z").

5.1.1 Joint Distributions

Now let’s consider two random variables x and y, such as the result from throwing a pair
of dice, that are specified by a joint density p(x, y). The expected value of a function that
depends on both z and y is

vew=[ [ fevpevddy 6.)
p(x, y) must be normalized, so that
/00 /oo px,y)dedy=1 . (5.8)
It must also be normalized with respect to each variable, so that
W)= [ paydy (59)
and
W= [ pends (5.10)

Integrating a variable out of a joint distribution is called marginalizing over the variable.

For joint random variables a very important quantity is p(z|y) (“the probability of
given y”). This is the probability of seeing a particular value of x if we already know the
value of y, and is defined by Bayes’ rule

_ () G.11)

x|y @



Random Variables 47

which takes the joint probability and divides out from it the known scalar probability.
This is easily extended to combinations of more variables,

p(x,y, 2) = p(xly, 2) p(y, 2)
= p(zly, 2) p(ylz) p(2)
=p(x,y|2) p(2) (5.12)

manipulations that will recur in later chapters.

If x and y are independent, p(x,y) = p(x) p(y). The probability of seeing two in-
dependent events is the product of the probabilities of seeing each alone. For inde-
pendent variables, the conditional distribution will then depend on just one variable,
p(z|y) = p(x). This provides a convenient way to remember the form of Bayes’ rule,
because for independent variables p(z|y) = p(x)p(y)/p(y) = p(x). For uncorrelated vari-
ables, (zy) = (z)(y). Independent variables are always uncorrelated, but the converse
need not be true (although it often is).

Bayes’ rule has an almost mystical importance to the (frequently vocal) community
of Bayesians, who object to any distribution that is not conditional. Equation (5.2)
represents a frequentist viewpoint, in which probabilites are defined by observed fractions
of events. If you are told that the probability of flipping a coin and seeing a head is 50%,
you can perform a series of trials to check that. But, if you’re told that the probability
of rain tomorrow is 50%, you can’t check that in the same way. The day will happen
only once, so it doesn’t make sense to discuss an ensemble of tomorrows. This kind of
probability is really a conclusion drawn from a collection of models and prior beliefs. Since
you almost always believe something, when you announce to the world p(observation),
you are really saying p(observation|prior beliefs). From Bayes’ rule, we know that these
are related by

p(observation, prior beliefs)

i . liefs) =
p(observation|prior beliefs) p(prior belicfs)

_ p(prior beliefs|observation) p(observation)
p(prior beliefs)

(5.13)

A term p(prior beliefs) is called a prior, and no well-equipped Bayesian would be caught
without one. While this insistence can be dogmatic, it has helped guide many people
to recognize and clearly state their procedure for handling advance knowledge about a
system and how it gets updated based on experience. We’ll have much more to say about
this in Chapter 10.

To work with random variables we must understand how their distributions change
when they are transformed in mathematical expressions. First, if we know a distribution
p(z), and are given a change of coordinates y(x), then what is the distribution p(y)? This
is easily found by remembering that probabilities are defined in terms of the value of the
distribution at a point times a differential element, and equating these:

p(z) |dz| = p(y) |dy|
d
= p(x) = p(y) }d—iy - (5.14)
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In higher dimensions, the transformation of a distribution is done by multiplying it by the
Facobian, the determinant of the matrix of partial derivatives of the change of coordinates.

If we take p(y) = 1 in the unit interval and integrate both sides of equation (5.14), this
relationship has a useful implication

¥ T '
/ p(z') dz’ = / 1 &) 4
0 0 da:

P(z) = y(z) . (5.15)

This means that if we choose the transformation y(x) to be the integral P(zx) of a given
distribution p(x) (P is called the cumulative distribution), and pick random values of
y from a uniform distribution, then the corresponding values of = will be distributed
according to p.

The next question is how to combine random variables. The simplest operation is
adding two independent random variables, z; drawn from p;, and x, drawn from p,, to
create a new random variable y = z; + z,. To find the probability distribution p(y) for
1y, we must add up the probabilities for each of the different ways that z; and x; can add
up to that value of y. The probability of seeing a particular pair of x; and x;, is given by
the product of their probabilities, and so integrating we see that

p(y) = / pi(x)p2(y — ) dx

—00

= pi(z) * pa(z) - (5.16)

The probability distribution for the sum of two random variables is the convolution of
the individual distributions. Now consider the average of IV variables

_ml+x2+...+xN
Yn N

that are independent and identically distributed (often abbreviated as zid), and let’s look
at what happens as N — oco. The distribution of y is equal to the distribution of x
convolved with itself N times, and since taking a Fourier transform turns convolution
into multiplication, the Fourier transform of the distribution of y is equal to the product
of the N transforms of the distribution of x. This suggests an important role for Fourier
transforms in studying random processes.

(5.17)

5.1.2 Characteristic Functions

The Fourier transform of a probability distribution is called the characteristic function,
and is equal to the expectation value of the complex exponential

x
(ethey = / e*rp(x) de . (5.18)
—00
For a multivariate distribution, the characteristic function is

(eiF%) = /~ Z /~ Z eFEp(E) dE (5.19)
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Now let’s look at the characteristic function for the deviation of ¢y, the average of N iid
random numbers i, ..., Zy, from the average value Z:

<eik(yN—:i:)> = < ik(zl+zz+..-+zN—-N:i:)/N>
< ik[(z1—z)+- +(zN—-T)]/N>

1.k(z—-z)/N)

(e
{1 Be-ope0(2)

klo? K
T + N
e O (Ns)]

e HoLN (5.20)

In deriving this we have used the fact that the x; are independent and identically dis-
tributed, and done a Taylor expansion around the average value. The last line follows
because

1N
. A A
lim_ [1 N] e (5.21)
(which can be verified by comparing the Taylor series of both sides), and we can neglect
higher-order terms in the limit N — oo. To find the probability distribution for y we

now take the inverse transform

o0
p(yn — ) = —/ e~ KoL/IN o~ik(y—2) g
—00

N .
= /___Zﬂaze-N(yN~z)’/lai ) (5.22)

Something remarkable has happened: in the limit N — oo, the sum of N variables ap-
proaches a Gaussian distribution, independent of the distribution of the variables! This
is called the Central Limit Theorem, and explains why Gaussians are so important in
studying random processes. The Gaussian distribution is also called the normal distri-
bution, because it is so, well, normal. Since the standard deviation is o,/ VN, which
vanishes as N — oo, equation (5.22) also contains the Law of Large Numbers: the
average of a large number of random variables approaches the mean, independent of the
distribution.

The characteristic function takes on an interesting form if the complex exponential is
expanded in a power series:

<e1.l_c.f> - /ezl;f p(j') dz

o Sl o PP

n1=0 n;=0 ng=0 TL :

This provides a relationship between the moments of a distribution and the distribution
itself (via its Fourier transform). For this reason, the characteristic function is also called
the moment generating function. If the characteristic function is known, the moments
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can be found by taking derivatives of the appropriate order and evaluating at & = 0 (only
one term will be nonzero).

Another important object is the logarithm of the characteristic function. If we choose
to write this as a power series in k of the form (for the 1D case)

log<e”°’)=n§=:l(zm) Co (5.24)

this defines the cumulants C,, (note that the sum starts at n = 1 because log 1 = 0 and so
there is no constant term). The cumulants can be found by comparing this to the power
series expansion of the characteristic function,

exp (Z (zs')" Cn> = Z %(m") , (5.25)

n=1 n=0

expanding the exponential as
=l+z+ z* + z +
—_— x —_— —_— .. s
2 6
and grouping terms by order of k. The cumulants have an interesting connections to
Gaussianity (Problem 5.1).

(5.26)

52 STOCHASTIC PROCESSES

It is now time for time to appear in our discussion of random systems. When it does,
this becomes the study of stochastic processes. We will look at two ways to bring in time:
the evolution of probability distributions for variables correlated in time, and stochastic
differential equations.

If z(t) is a time-dependent random variable, its Fourier transform

T2
X@)= lim e y(t) dt (5.27)
T— 00 ~T/2
is also a random variable but its power spectral density S(v) is not:
S@) = (IXW)I") = (X@)X ") (5.28)
1 (T2 A
= lim — / e?™ix(t) dt / e 2™ p(t') dt’
T—oo T J_1p2 TN

(where X* is the complex conjugate of X, replacing ¢ with —¢). The inverse Fourier
transform of the power spectral density has an interesting form,

/ S(V)e—-ilmn' dv

/oo <X(1/)X*(1/)> —i2rvT dv

) T/2 ) , .
/ / 1.27r1/tx(t) dt/ e—-1.21r1/t x(t’) dt/ e—-1,27r1/7' dv
T—oo T T2 -T2

n
5
[ =
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L (T e
lim —/ / / ™= dy x(t)x(t’) dt dt’
Sam I (®z(t')
T2 TN
lim — / / 8(t — t' — T)x(t)x(t') dt dt’
T—ooT J Tt

T/2
lim T / z(t)x(t — 1) dt

T—o0 -T2
= (z(t)z(t — 7)) (5.29)
found by using the Fourier transform of a delta function
/ ey dt=1 = §(t) = / ™t dt | (5.30)

where the delta function is defined by
| f@p o0 o= fan) (5.31)

This is the Wiener—Khinchin theorem. It relates the spectrum of a random process to
its autocovariance function, or, if it is normalized by the variance, the autocorrelation
function (which features prominently in time series analysis, Chapter 16).

5.2.1 Distribution Evolution Equations

A natural way to describe a stochastic process is in terms of the probability to see a sample
value z at a time ¢ (written x;) given a history of earlier values

x|z, Toyy o nl) (5.32)

Given starting values for x this determines the probability distribution of the future
values. If the distribution depends only on the time differences and not on the absolute
time,

p(xtlxt—-ﬂ y Lt—gyy e s ) s (533)

then the process is said to be stationary (sometimes qualified by calling it narrow-sense
or strict stationarity). A more modest definition asks only that the means and covariances
of a process be independent of time, in which case the process is said to be weak or
wide-sense stationary.

If the conditional distribution is limited to a finite history

Tt| Tty Ttryy e vy Tty ) (5.34)
this is said to be an Nth-order Markov process. If it depends on just the previous value
P(Te|T2r) (5.35)

it is simply called a Markov process, and if = and ¢ are discrete variables
P(ze|Te-1) (5.36)

it becomes a Markov Chain. As with ODEs, an Nth-order Markov process for a scalar
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variable can always be converted to a first-order Markov process in an N-dimensional
variable.

Given the conditional distribution for one time step p(x:|x;—,) we can find the dis-
tribution two time steps ahead p(x1+,|z:_,) by adding up the probabilities for all of the
ways to get from x;__, t0 Z1+, through the intermediate value x;. The probability for each
possible path is the product of the probability to get from x;_, to x; times the probability
to go from z; to x44.. For a discrete system this is a sum, and for a continuous system
it is the integral

oo

P(Tter|Te—r) =/ PTrer|Te) P(Te|Te—r) dze . (5.37)

— 00

This is called the Chapman—Kolmogorov equation. It can be rewritten by multiplying
both sides by p(x;.) and then integrating over z;_:

DZear|T1r) P@er) = / DTear|2) P@ilTemr) P(E1-r) da

P Ttar, Tpor) = / P(Tter|T) P(24y T2—7) dy
Paer) = [ plaracla) o) do,
= / PZter, ) dzy (5.38)
For a Markov chain with N states = (1,..., N) this becomes
N
P(@e1) = Y P(@rerlze) pae) (5.39)

=1
If we define an N-component vector of the state probabilities 7; = {p(z: = 1),...,p(x; =

N)}, and a matrix of transition probabilities P;; = p(z:+1 = i|z; = j), then the update
for all of the states can be written as

P =P-pi
= Pran = P" Py . (5.40)
The powers of P hence determine the evolution; in particular, if it’s possible to get from
every state to every other state then the system is said to be ergodic [Reichl, 1984].

It’s easy to understand what a Markov model can do. After all, equation (5.40) is a
simple linear first-order finite difference equation (Section 2.5). If P has eigenvectors ;
with eigenvalues );, and the starting distribution is written in terms of the eigenvectors
as

R=Y b, (5.41)

then
Deen = P" Z ;U
i
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LY

Figure 5.1. 2D Brownian motion.

One of the earliest uses of the Chapman—Kolmogorov equation was in the context of
Byownian motion. When the Scottish botanist Robert Brown in 1827 used a microscope
to look at pollen grains suspended in a solution, he saw them move in a path like the
one shown in Figure 5.1. While he originally thought this was a sign of life, it was
of course due to the fluctuating impacts of the solvent molecules on the pollen grain.
This was a significant piece of evidence for the atomic theory of matter, and in 1905
Einstein developed a quantitative description of Brownian motion that could predict the
distribution for how far a particle would travel in a given time.

For 1D Brownian motion (the generalization from 1D to higher dimensions is straight-
forward), let f(z,t) dx be the probability to find the particle between x and x + dx at
time ¢. Because it is a probability, f must be normalized, ffooo f(z,t) dz = 1. Brownian
motion arises from the many impacts of the fluid molecules on the particle; let 7 be a
time that is long compared to these impacts, but short compared to the time for macro-
scopic motion of the particle. We can then define p,(z|z’) dz, which is the probability
for the particle to move from z’ to x in a time 7 due to the fluctuating impacts on it.
This can be used in the Chapman—Kolmogorov equation to write an update equation
for f: :

f(z, t+7)dr=dx /00 ozl f(x',t) d’ . (5.43)

If the fluid is isotropic and homogeneous, then p.(z|z’) will depend only on the posi-
tion difference z = x’ + §, so we can then write p.(z|z’) = p,(6), where by symmetry
p(6) = p(—06). Then the Chapman-Kolmogorov equation becomes

oo

flx,t+7)dx = da:/ pA6)f(x +6,8)dé . (5.44)

— 00

Since 7 has been chosen to be very small compared to the time scale for macroscopic
changes in the particle position, we can expand f in a Taylor series in z and ¢ and keep
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the lowest-order terms:

[f(a:,t) + % T+ (’)(TZ)] dx

= dx/:p,(a) [f(a:,t)+ ‘9—-; 5+ %gz—f 52+---] dé
= dz f(z,t) / p(8) d6 + dz gf p(8) 6d6 +
ﬁ,—/ \;OO—K_I
Zf 2 3
do 553 p,(a)a ds+O8%) . (5.45)
—,_/
(6%)

In the last line, the first integral is 1 because p,(8) must be normalized, the second
one vanishes because it is the first moment of a symmetrical function p.(8) = p.(—96),
and the last integral is the variance. Cancelling out the f(z,t) on both sides, we’re left
with

52) (92

rl

~

(5.46)

2|

L
o>

We’ve found that the evolution of the probability distribution for Brownian motion is
governed by the familiar diffusion equation. In the context of stochastic processes, this is
called a Wiener process. The diffusion equation is a particular case of the Fokker—Plank
PDE which governs the evolution of a probability distribution for an underlying Markov
process.

We obtained the diffusion equation for a system in which time and space are continu-
ous, but for many problems they are discrete. Consider a 1D random walker that at each
time step ¢; can hop from a site z,, one unit to the left or right, x,,1;. The change in
probability p(x,,, ;) to find it at a point is then equal to the sum of the probabilities for
it to hop into the point, minus the sum of probabilities to hop off the point

1
PTn,ti) — P(Tn,tic1) = 2[p($n+l,ti—l) + p(Tn-1,tim1)] — P(Tn, tiz1)

P(ﬂfm tz) = %[p(x'rwh ti—l) + p(xn—h ti—l)] . (547)

This can be rewritten suggestively by subtracting p(z.,,, t;—1) from both sides and rear-
ranging:

P@n t) ~ Pantio) | 0 [P@natstim) = 2@, i) ¥ It Bio)] g e

6,: 26t 6:%
—~
=D
These are discrete approximations of partial derivatives (Chapter 7). If we take the limit
¢, 6 — 0 (keeping D finite), we find once again that
o _ o
ot ox?

(5.49)
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More generally, the time derivative of the probability to be at a state x,, is equal to the
sum over states z,, of the probability to be at x,, times the rate W, __., at which
transitions are made from there to x,,, minus the probability to be at x,, times the rate
at which transitions are made back to x,,:

Op(zn,t)

ot Z Wzm—mn KT, t) — Wzn—vzm A Zns t) . (5.50)

This is called the Master equation. For a stationary solution the transition rate between
two sites is equal in both directions, a condition called detailed balance.

5.2.2 Stochastic Differential Equations

An alternative analysis of Brownian motion was first done by Langevin in terms of a
stochastic differential equation. A particle moving in a fluid feels a drag force, and as
long as the velocity is not too great the force is given by the Stokes drag formula

F=—6npav |, (5.51)

where p is the viscosity of the fluid, a is the diameter of the particle, and 7 is the velocity
of the particle [Batchelor, 1967]. In addition to this force, we can model Brownian motion
by including a fluctuating force 7 that is due to the molecular impacts on the particle. In
terms of these forces, F' = ma for the particle becomes (in 1D):

— = —67ruad—x +n . (5.52)
dt

This 1s an example of what is now called a Langevin equation. Because 7 is a random

variable, £ becomes one, much like the promotion of operator types in a computer pro-

gram. Therefore we cannot solve for xz directly; we must instead use this differential

equation to solve for observable quantities that depend on it. To do this, first recognize

that

d(z?)
Frae =2z d_t (5.53)
and
d¥z?) _ P dg dz
=2 +2r— = 2r— . .54
a0 <dt> Zxdtz 27 + T (5.54)
Using this, if we multiply both sides of equation (5.52) by  we can rewrite it as
m d*(z?) 3 d(z?)
— = — + . .
> v 3nua o nx (5.55)

Next, let’s take the time expectation value

m d*(z?) (=) 2

d d - ) .

3 g + 3mpa T m(v°) + (nzx) (5.56)
Kl 0

In the first term on the right hand side, we’ve used the fact that the particle is in thermo-
dynamic equilibrium with the fluid to apply the Equipartition Theorem [Gershenfeld,



56 Random Systems

1999a], which tells us that
1
2m<v2)
where D is the dimension (1 in this case), k is Boltzmann’s constant 1.38 x 10=2 (J/K),
and T is the temperature (in Kelvin). The second term vanishes because the rapidly
fluctuating noise term is uncorrelated with the slowly moving particle. Therefore,
d*{z* d{z? T
(%) + 3mpa d(z?®) _ 2k ‘ (5.58)
dt? m dt m

This is now an ordinary differential equation for the variance, which can easily be solved
to find

= %kT , (5.57)

kT
3nua

(z?) = Ae~bmmatim + t . (5.59)

The first term is a rapidly decaying exponential transient, leaving us with

kT
2 —
(=) 3npa

(5.60)

This result agrees with the form of Einstein’s calculation (Problem 5.3), even though
we got here by a very different path. Solving more general stochastic differential equa-
tions, and justifying assumptions such as throwing out the (nz) term, requires extending
ordinary calculus to integrals of stochastic functions. This is done by the Ito and the
Stratonovich calculus [Gardiner, 1990].

53 RANDOM NUMBER GENERATORS

There is a frequent and apparently paradoxical need to use a computer to generate random
numbers. In modeling a stochastic system it is necessary to include a source of noise, but
computers are (hopefully) not noisy. One solution is to attach a computer peripheral that
performs a quantum measurement (which as far as we know can be completely random),
or perhaps measures the molecular fluctuations in your coffee cup (which are extremely
close to random), but for most people this is not a convenient option. Instead, a more
reasonable alternative is to use an algorithm that produces pseudo—random numbers that
appear to be more random than can be detected by your application. There is a large
difference in what is required to fool a player of a video game and a cryptographic
analyst of a one—time pad. There is a corresponding broad range of choices for random
number generators, based on how sensitive your problem is to the hidden order that
must be present in any deterministic algorithm. While these are numerical rather than
analytical methods, and so rightfully belong in the next part of this book, they are so
closely connected with the rest of this chapter that it is more natural to include them
here.

Why discuss random number generators when most every programming language has
one built in? There are two reasons: portability and reliability. By explicitly including
an algorithm for generating needed random numbers, a program will be sure to give the
same answer whatever system it is run on. And built-in generators range from being
much too complex for simple tasks to much too simple for complex needs.
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Figure 5.2. 1000 points from the map x,+1 = 2z, (mod 1).

5.3.1 Linear Congruential

Linear congruential random number generators, and more sophisticated variants, are the
most common technique used for producing random numbers. The simplest example is
the map

ZTn+1 = 22, (mod 1) . (5.61)

Starting with an initial value for zy (chosen to be between 0 and 1), this generates a
series of new values. The procedure is to multiply the old value by 2, take the part that
is left after dividing by 1 (i.e., the fractional part), and use this as the new value. This
string of numbers is our first candidate as a random number generator. But how random
are the successive values of x? Not very; Figure 5.2 plots z,,+; versus x,, for a series of
1000 points. Two things are immediately apparent: the points lie on two lines rather than
being uniformly distributed (as they should be for two independent random numbers),
and it doesn’t look like there are 1000 points in the figure. The first problem can easily
be explained by looking back at the definition of the map, which shows that successive
pairs of points lie on a line of slope 2, which gets wrapped around because of the mod
operator. To understand the second problem, consider x written in a fractional binary
expansion (where each digit to the right of the binary point stands for 271,272, .. .). Each
iteration of this map shifts all the digits one place to the left, and throws out the digit
that crosses the binary point. This means that it brings up all the bits of the starting
position, and finally settles down to a fixed point at = 0 when all the bits are used up.
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Figure 5.3. 1000 points from the map xz,+; = 8121z, + 28411 (mod 134456).

This bad example can be generalized to the class of maps
Tn+l = aZ, +b(mod ¢) . (5.62)

The value of a determines the slope of the lines that the points are on and how many
lines there will be (& = 2 gave us 2 lines). We want this to be as large as possible, so that
the lines fill the space as densely as possible. Then b and ¢ must be chosen relative to a so
that the period of the map is as long as possible (it doesn’t repeat after a few iterations),
there are no fixed points that it can get stuck at, and the digits are otherwise as random
as they can be. Choosing optimal values for a, b, and c is a surprisingly subtle problem,
but good choices have been worked out as a function of the machine word size used to
represent = [Knuth, 1981]. For the common case of a 32-bit integer, with the leading bit
used as a sign bit, an optimal choice is

ZTn+1 = 8121z, + 28411 (mod 134456) . (5.63)

Iterating this map produces a string of integers between 1 and 134456 (or a fraction
between 0 and 1 if the integer is divided by 134456), shown in Figure 5.3. This now
appears to be much more random, and is adequate when there is a simple need for some
numbers that “look” random.

This is still not a great generator, because there are only 134456 distinct possible
values, and so in a string that long it is possible to detect the predictability. It’s also easy
to see here why the bits of x are not equally random: if z,, is even then z,4; will be
odd, and vice versa, so the lowest order bit of z simply oscillates at each step. Not very
random. To further improve such a simple linear congruential generator, it is possible
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Figure 5.4. A linear feedback shift register.

to add degrees of freedom by techniques such as running multiple generators in parallel
and using them to shuffle entries in a large array [Press ez al., 1992].

5.3.2 Linear Feedback

Linear congruential generators have the problem that all of the bits in each number are
usually not equally random; linear feedback shift registers (LF'SRs) provide a power-
ful alternative that can be used to generate truly psuedo—random bits. A binary linear
feedback shift register is specified by a recursion relation

M
Ty = Z a;Tp—; (mod 2) . (5.64)

i=1

This can be viewed as a series of registers through which the bits are shifted, with taps
specified by the a;’s that select the values to be added mod 2 (Figure 5.4).

If the taps are properly chosen, the bits that come out of the end of the shift register
are as random as possible. This means that the power spectrum is flat (up to the repeat
time, which is 2M — 1 for a register with M steps), all possible substrings of bits occur
equally often, and so forth. Such a maximal LFSR is designed by taking the 2-transform
of the recursion relation, and finding the taps that make this polynomial have no smaller
polynomial factors [Simon et al., 1994]. Table 5.1 gives a (non-unique) choice for maximal
taps for a range of register lengths. For example, for order 12 the tap values are 1, 4, 6,
12, so the recursion relation is

In = Tn-1 + Tn-4 + Tn-6 + Tn-12 . (565)

Because the recurrence time is exponential in the length of the register, a surprisingly
modest LFSR can have an extremely long period and be hard to distinguish from random
(Problem 5.2).

The most sophisticated techniques for making numbers appear random are associated
with cryptography, since detectable deviations from randomness can be used to help
break a code. In fact, the best way of all to improve a random number generator is to run
its output through a cryptographic encoding scheme [Simmons, 1992], which pass much
more sophisticated tests of randomness than the algorithms we have covered (which are
child’s play for a cryptanalyst). This of course does come at the expense of much more
computational effort.
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Table 5.1. For an LFSR x,, = Zi‘fl a;Tn—; (mod 2), lag i values for
which a; = | for the given order M (all of the other a;’s ave 0).

M P M 7 M 7

2 1,2 13 1,3,4,13 24 1,2,7,24
3 1,3 14 1,6,10, 14 25 3,25

4 1,4 15 1, 15 26 1,2,6,26
5 2,5 16 1,3,12,16 27 1,2,5,27
6 1, 6 17 3,17 28 3,28

7 3,7 18 7, 18 29 2,29

8 2,3,4,8 19 1,2,5 19 30 1,2,23,30
9 4,9 20 3,20 31 3,3

10 3,10 21 2,21 32 1,222 32
11 2,11 22 1, 22 33 13, 33
12 1,4,6,12 23 5,23 34 1,2,27,34
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55 PROBLEMS

(5.1) (a) Work out the first three cumulants C;, C;, and C;.
{(b) Evaluate the first three cumulants for a Gaussian distribution

e~ (5.66)

)=
() —
(5.2) (a) For an order 4 maximal LFSR write down the bit sequence.

(b) If an LFSR has a clock rate of | GHZ, how long must the register be for the
time between repeats to be the age of the universe (~ 100 years)?
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(5.3) (a) Use a Fourier transform to solve the diffusion equation (5.46) (assume that the
initial condition is a normalized delta function at the origin).

(b) What is the variance as a function of time?

(c) How is the diffusion coefficient for Brownian motion related to the viscosity of
a fluid?

(d) Write a program (including the random number generator) to plot the position
as a function of time of a random walker in 1D that at each time step has an
equal probability of making a step of = 1. Plot an ensemble of 10 trajectories,
each 1000 points long, and overlay error bars of width 3o(t) on the plot.

(e) What fraction of the trajectories should be contained in the error bars?
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Numerical Models
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By now it should be evident that the fraction of differential equations that can be solved
exactly with a sane amount of effort is quite small, and that once we stray too far from
linearity special techniques are needed for there to be any hope of writing down a closed-
form solution. In this second part of the book we will turn to the appealing alternative:
numerical solutions. Although the widespread access to fast computers has perhaps led
to an over-reliance on numerical answers when there are other possibilities, and a cor-
responding false sense of security about the possibility of serious numerical problems or
errors, it is now possible without too much trouble to find solutions to most equations
that are routinely encountered.

An important issue is when the result of a numerical calculation can be trusted. It’s
(almost) always possible to produce some kind of number, but it’s much harder to produce
ameaningful number. One good rule of thumb is that the result should not depend on the
algorithm parameters (for example, decreasing a step size should give the same answer),
otherwise the result provides information about the algorithm rather than the underlying
problem. Another crucial sanity test is to check the algorithm on a problem with a known
exact solution to make sure that it agrees. Even so, there’s still a chance that a subtle
difference between the algorithm and the underlying problem can lead to fundamentally
different results. It is common to assume that numerical errors appear as a small random
noise term, but it is possible that the errors are very correlated rather than random
[Sauer et al., 1997]. There have been a number of attempts at developing techniques to
bound the exact solution with upper and lower estimates, or to provide some measure
of the existence and proximity of the exact solution; these are promising, but far from
universally applicable.

A principle that is so important for numerical methods that it doesn’t even have a
name (and is frequently ignored) is that if you know your system has some conservation
laws then you should choose variables that automatically conserve them. Otherwise, your
conservation laws will be ignored by the solution, or will need to be explicitly enforced.
Not only does this make your solution more accurate and reduce the computational effort,
it can help tame numerical instabilities that might otherwise occur.

More generally, remember that numerical and analytical solutions should not be viewed
as exclusive alternatives, but rather as complementary approaches. Many important ideas
have come at this interface, such as solitons. These nonlinear nondispersive waves first
appeared as unusual stable structures in numerical simulations of plasmas; this observation
motivated and then guided the successful search for corresponding analytical solutions
[Miles, 1981, Zabusky, 1981].

There is a continuum between numerical and analytical solutions, and a trade-off
between the need for computer power and mathematical insight. The more that an algo-
rithm takes advantage of knowledge about an equation, the less work that the computer
need do. However, given a fast computer and a hard problem a less clever algorithm may
be preferable. In the early days of numerical mathematics, algorithms were implemented
by people called calculators (sometimes large rooms full of them) using slide rules, ta-
bles, or arithmetic machines. This put a large premium on reducing the number of steps
needed, and hence on developing algorithms that maximize step sizes and minimize the
number of needed function evaluations. As desktop workstations now begin to exceed the
speed of recent supercomputers, less efficient algorithms that have other desirable prop-
erties (such as simplicity or reliability) can be used. We will cover the most important
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algorithms that are straightforward to understand and implement; for these as well as
everything else related to numerical methods [Press et al., 1992] is a great starting point
for more information. Another interesting reference is [Acton, 1990], a revised edition
of a beautiful book (with a sneaky cover) that has had a large impact on many people
working in the field of numerical analysis.

Some caution is needed in delving more deeply into the literature on numerical analysis.
Often the algorithms that are most useful in practice are the ones that are least amenable
to proving rigorous results about their error and convergence properties, and hence are
less well represented. It’s necessary to condition what is known against a usually unstated
prior of what kinds of problems are likely to be encountered.

To a computational complexity theorist, the most important distinction in deciding if
a problem is tractable is the difference between those that can be solved in a number of
steps that is polynomial in the size of the problem, such as sorting, and those that cannot,
such as factoring (which is believed to be exponential) [Lewis & Papadimitriou, 1981].
For example, finding prime factors requires O(e’V/3) steps for an N-digit number, while
on a quantum computer (if you’re fortunate enough to know how to build one), it requires
O(N?®) [Ekert & Jozsa, 1996]. If we assume a computer speed of 100 MHz, for a 100-digit
number this difference corresponds to a time of 35 days versus 0.01 seconds. But to a
working numerical analyst, the relevant distinction is really between O(N?) algorithms
and faster ones, which in practice is the distinction between what is feasible and what is
not for nontrivial problems. Naively, a Fourier transform requires O(/N?) steps because it
needs a matrix multiplication, but by taking advantage of the structure in the calculation
the Fast Fourier Transform algorithm reduces it to O(V log V) (Section 11.2). While
this difference might not seem as remakable as the difference between exponential and
polynomial time, in practice it is profound. For example, for N = 10, an N? algorithm
requires 100 steps, and an IV log IV algorithm requires 33 steps, not much difference. But
for N = 10°, an N? algorithm requires 10'® steps (10° days at 100 MHz), while N log N
requires 3 x 10!° steps (300 seconds), quite a difference indeed! This issue of the scaling
of an algorithm with problem size will recur throughout the coming chapters, and is one
of the most important lessons in all of numerical analysis. There are endless of examples
of promising new algorithms that do not survive the scaling up to nontrivial problems.



6 Finite Differences: Ordinary Differential Equations

6.1 NUMERICAL APPROXIMATIONS

This chapter will consider the problem of finding the numerical solution to the first-order
(usually nonlinear) differential equation

d

Because of the presence of y on the right hand side we can’t simply integrate f(x) dx; we’ll
need some kind of iterative procedure to calculate a new value of y and use it to evaluate
f. Fortunately there are techniques for solving ODEs that are relatively straightforward
to implement and use, and that are broadly applicable. If §y = dy/dz also appears on the
right hand side, f(z,y,y) = 0, this becomes a differential-algebraic equation (DAE),
a still harder problem that usually requires more complex algorithms matched to the
problem [Brenan et al., 1996].

The restriction to first-order equations actually isn’t much of a restriction at all. The
algorithms for solving a single first-order equation will immediately generalize to systems
of equations

dy
d_a:l = fl(x’yl’ s ayN)
dy
d—; = fiz, 1, YN)
dy '
d_xN=fN(x7yl"-'ayN) . (62)
And, since a higher-order differential equation of the form
dVy _ dy dN-ly
dx_N = <$,y, d—x,,w—_—l) (63)
can be written as a system of first-order equations (equation (2.15))
dy _ dN—ly
=27 . (N-1) —
VY S & y ~ dxN-1
dy(l) _
dr y

67
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Figure 6.1. An Euler method.
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we will also be able to solve higher-order equations.
We would like to find an approximate formula to relate y(x + h) to y(z) for some small
step h. An obvious way to do this is through the Taylor expansion of y

dy
+ = + Hh=
yx+h)=yx)+ h I

2 12
L hdy

2 dx?
2

h* d
= Y@+ hf@ y@) + 5 o f@y@) + O’

_ W [8f Of By
= y(z) + hf(z, y(x)) + 7 [6_33 + @a] + O(h})

h* [8 9
= y(@) + hf(@ y@) + 5 [a_i y %

+ O(R®)

T

T

] + O . (6.5)

An approximation scheme must match these terms to agree with the Taylor expansion
up to the desired order.
The first two terms of the expansion

y(x + h) = y(x) + hf(z, y(z) (6.6)

can be used to find y(z + h) given y(x), and this step can then be repeated to find
y(x + 2h) = y(x + h)+ hf(x + h,y(z + h)), and so forth. This is the simplest algorithm
for solving differential equations, called Euler’s method (shown in Figure 6.1). It is
simple to understand and simple to program; its clarity is matched only by its dreadful
performance. At each step the error is O(h?) (the lowest-order term where the Euler
method differs from the Taylor expansion of y(z) is the h? term), and so a very small step
size is needed for a reasonably accurate solution. Even worse, the errors can accumulate
so rapidly that the numerical solution actually becomes unstable and blows up. Consider
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Figure 6.2. Origin of oscillation in the Euler method. The gray lines show the family of
solutions of dy/dx = Ay, and the dotted lines show the numerical solution for various step
sizes.

the simple differential equation
dy _
dx

The exact solution is y(z) = e4%; if A < 0 then lim; ., y(z) = 0. The Euler approxi-
mation for this equation is

Ay . (6.7)

y(z + h) = y(z) + hAy(x)
= (1 +hAy(z) . (6.8)

This is a first-order difference equation, with a solution equal to y(z) = (1 + hA)*/hy(0).
If A > 0O this solution diverges, as it should. If 0 > hA > —1, then the solution
properly decays to zero. But look what happens as hA becomes even more negative.
If -1 > hA > —2, the magnitude of the solution still decays, but it has picked up
an oscillation that is not in the original equation. Even worse, if —2 > hA, then the
magnitude of the solution will diverge! We’ve solved an equation, but it now has nothing
to do with our original differential equation.

Figure 6.2 shows why the Euler method is such a poor approximation. Since the
derivative is evaluated only at the beginning of the interval, if an overly ambitious step
size is chosen the extrapolation can overshoot so far that the solution changes sign. A
natural improvement is to use an Euler step in order to estimate the slope in the middle
of the interval, and then use this slope to update y:

h
Yo+ )= y@)+hf |zt o, v+ )| (69)

The error made by this approximation can be found by doing a Taylor expansion on f
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as a function of h:
h h
o+ 5 v+ 3 o v

h
= f@ o)+ hipf [+ 5. v@) + Gh@ )|+ 00

= f@u@) +h [ng + 3 1@ »—f] + O (6.10
and so equation (6.9) becomes
y(x + h) = y(x) + hf(z, y(x)) + — [ﬁ + faf ] +O(hY) . (6.11)

Comparing this with equation (6.5), we see that this is exactly the expansion of the solution
of the differential equation up to second order. This is called the second-order Runge—
Kutta or the midpoint method. We have found a way to evaluate the function that gives
us an answer that is correct to second order, but that does not require explicitly working
out the Taylor expansion. Problem 6.2 shows the benefit of improving the approximation
order.

6.2 RUNGE-KUTTA METHODS

This procedure can be carried out to use more function evaluations to match higher-order
terms in the Taylor expansion. The derivation rapidly becomes very tedious, and there
is no unique solution for a given order, but by far the most common approximation is
the fourth-order Runge—Kutta approximation

b = hf@,u@)
h k
b=hf(o+ 3, w0+ 5 )

ky
=hf <x+ﬁ, y(zx) + 2)

ke = hf@+ hy 9(z)+ ks)
yarmy=y@+ e BB Bogs 6.12)

In the midpoint method we improved the accuracy by evaluating the function in the
middle of the interval. The fourth-order Runge—Kutta formula improves on that by
using two evaluations in the middle of the interval, and one at the end of the interval, in
order to make the solution correct out to the fourth-order term in the Taylor series. For
a system of equations, this becomes

kl,i = hfi(x’yl""7yN)
h k k
k2 i = hf; <$+5, yl"'%’---,yN-"%)

h k k
ksi=hfi <$+5, yl"'%" ’yN+%)
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kyi=hfdx+h, yi +ks1y...,ynv +k3n)

yi(@+ by = ya) + Tty Ry Ry Bui Or®) . (6.13)
6 3 3 6

The compactness of this fourth-order formula provides a nice compromise between im-
plementation and execution effort. Although still higher-order approximations are pos-
sible, the next section will look at smarter ways to improve the approximation error.

For a given problem, how is the step size A chosen? Obviously, it must reflect the
desired accuracy of the final answer. But, how can we estimate the accuracy if we don’t
know the answer? The simplest solution is to keep reducing the step size until the solution
does not change within the desired tolerance. We can be more clever than that, but this
is always a good sanity check: the result of a numerical calculation should not depend on
the algorithm parameters.

A more intelligent approach is to consider how the approximation error depends on
the step size. In a fourth-order method, the deviation between the approximate value
found in a single full step yrn(x + h) and the correct value yyu(x + h),

Yan(Z + h) — Yurue(T + B) = B p(x) + O(R®) (6.14)

consists of A’ times a quantity ¢ which is approximately constant over the interval (to
order h’; this is the definition of the order of the error). If, instead of a single step h,
two smaller steps of h/2 are made, the error after the first half-step is

5
(& + h/2) = v+ 120 = (3 ) ) + OB (6.15

and then after the second half-step it is approximately

5
(2 + B/2+ h/2) ~ s + 1) =2 (3 ) @)+ O (616

(it is conventional to assume that the errors at each step add, although in fact this is the
worst case and the combined errors for some problems might conspire to be better than
that). Therefore, the difference between y(x + h) calculated in a full step of h and in two
half-steps of h/2 is

5
Yan(Z + B) — har(@ + h/2 + h/2) = KPp(z) — 2 <%) o(z) + O(h®)
~hip . (6.17)

The difference between a single step and two half-steps provides an estimate of the local
error in the step. Such an error estimate can be used to guide an automatic stepper
routine: after making a full step and comparing the result to that from two half-steps,
if the error is larger than an upper threshold then the step size is decreased, and if the
error is smaller than a lower threshold then it is increased. This allows the program to
move to large steps if the function is smooth and featureless, and then to drop down to
small steps in regions where the function is complicated.

Note that the local error estimates cannot trivially be added up to get a global error
estimate at the end of the calculation. Although it is common to assume that the local
errors can be combined as uncorrelated random variables, there are many cases where
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they are very correlated and lead the solution away from the correct answer (for example,
in the context of solving chaotic equations see [Dawson ez al., 1994]). And remember that
there’s a hardware limit to the error that can be achieved; single-precision floating-point
numbers typically have about six significant digits, and double-precision numbers have
twelve digits.

Having done the extra work needed to make the local error estimate, we can also
improve our approximation by combining the results. Equations (6.14) and (6.16) are
two equations in the two unknowns ¥, and ¢ (ignoring terms O(h?)), which can easily
be solved to find

Yeraol T + ) = 32 + 221_5_”_‘ + O . (6.18)
After checking the error on the fourth-order method by making a full step and two half-
steps, this lets the error be reduced by making use of the two estimates for y(x + h)
(although to this order we cannot estimate the error in the improved approximation).

A refinement on this step-doubling method uses six function evaluations to give a fifth-
order Runge—Kutta approximation, and a different combination of the same six values
for a fourth-order approximation (this is due to Fehlberg [Press et al., 1992]). Although
the functional form is more complex than the standard fourth-order method, this permits
an error estimate to be made without needing any extra function evaluations, a desirable
trade-off if the function evaluations are computationally costly.

The details of implementing an adaptive interval updating scheme depend on the
nature of the equation being integrated. If there are rough regions expected it is crucial
to throw away a step with a large error and try again with a smaller step; if the answer
is expected to be smooth and execution time is a problem, the point can be saved and
the reduced step applied to the following interval. Similarly, small changes in the step
size help the routine fine-tune its step, but large changes are needed if the solution varies
enormously. If the factors used to increase and decrease the step are incommensurate
then it is possible to reach any step size, otherwise the step size will be limited to a
rational subset (such as powers of 2).

63 BEYOND RUNGE-KUTTA

The combination of a fourth-order Runge—Kutta solver with an adaptive interval step-
per is easy to program, easy to use, and can handle most any reasonably well-behaved
problem. For this reason it is a workhorse for solving differential equations. This section
introduces two important alternatives. At best, they can find more accurate solutions
with larger steps and fewer function evaluations, but they are also fussier and can fail
catastrophically. Runge—Kutta is always a good starting point; these fancier algorithms
should be considered if the execution time or accuracy need to be improved.

The first, predictor-corrector methods, start by recognizing that a step in solving the
first-order differential equation

dy _
el f(z,y(x)) (6.19)
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can formally be written as an intergral over an interval h

T+h
y(@ + h) = y(z) + / fy@) de . (6.20)

The problem with this integral is that to evaluate it we need to know y(z), but that is
what we’re trying to solve for in the first place. All is not lost, however: we do know
the history of f(z, y(z)) before the interval that we are trying to step over. We ignored
this history in the Runge—Kutta methods and just used values in the interval, but if the
function is not varying too wildly we can do better and extrapolate over the interval. A
common way to do the extrapolation is to assume a polynomial form for f (Chapter 12
will look in detail at other ways to approximate functions). For example, for a third-order
method, we assume that locally

flz,y@)=a+bz+cz’ . (6.21)

This can easily be integrated:

z+h
/ f(x,y(x)) dx = ah + bzxh + %bh2 +cx’h + cah? + %ch3 . 6.22)

Although it’s possible to fit a polynomial at each step to determine the coefficients (a, b,
and c here), we can get the same answer by judicious function evaluations. If we cleverly
guess that we can write the integral as a sum of past values of the function, weighted by
unknown coefficients (¢, 3, %),

z+h ;
[ @y do £ hafla, y) + 5l — e — b
+yflz - 2h,y(z — 2h)]} (6.23)
then plugging in equation (6.21) on the right hand side shows that

x+h
/ f(2,y(@)) dz = ah(a + B+ ) + brh(a+ B +7) +

bhi(—B — 2vy) + cx’Ma+ B+ v) + cxh* (=208 —4y) + ch3(B+4y) . (6.24)

Equation (6.24) will agree with equation (6.22) if

atf+~y=1
1
—ﬁ—Z’Y—E
1

ﬁ+4’y=§ . (6.25)

These equations are easily solved to find o = 23/12,3 = —4/3, and v = 5/12, or
yp(z + h) = y(x) +
h
v {23flz, y(x)] — 16f[z — h,y(z — h)] + 5f[z — 2h, y(z — 2h)]} . (6.26)

This gives an estimate of y(x + h) based on extrapolating the history of f; for this reason
it is called a predictor step. Doing an integral with function evaluations like this is an
example of numerical quadrature.
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Figure 6.3. A predictor-corrector method.

Although we could use the predicted y(x + h) as the input to a new predictor step, that
would try to solve the differential equation by repeated polynomial extrapolations (a bad
idea). But we can reapply the differential equation to find an improved estimate based
on the prediction; this is called a corrector step (Figure 6.3). Since we have an estimate
of y at the end of the interval, for the corrector we can look for an implicit numerical
quadrature formula that uses it. For the third-order example, we want

/ " @) do L h{o/ flz + hy(z + B+ B flz @)
’ +v'flx — h,y(z — h)]} . 6.27)
Repeating the preceeding calculation gives o/ = 5/12,4’ =2/3,and v’ = —1/12, or
Ye(z +h)=y(z) +
L (Sfle+ hye + B+ 86 y@)] — fle—ha@ - B} . (629)

The result from the corrector step can be used in a new predictor step, which is then
corrected, and so forth. Getting this iteration going will require a set of starting values,
which can be provided by a self-starting method such as Runge—Kutta. And the difference
between the predictor and corrector steps provides a local error estimate. This is an
example of an Adams—Bashforth—Moulton method; it’s common to use the fourth-order
form,

h
Yp(x + h) = y(@) + 5 {55f[2, y(2)] = 59f[2 — h, y(z — h)]

+ 37f[z — 2h,y(x — 2h)] — 9f[x — 3h,y(x — 3h)]} (6.29)
and

h
Ye(x + h) = y(z) + ﬁ{9f [z + h,yp(z + W) + 19f[z, y(z)]

— 5flx — h,y(x — h)] + flx — 2h,y(x — 2h)]} . (6.30)
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Figure 6.4. Richardson extrapolation.

When polynomial extrapolation is justified, a predictor-corrector routine can make sig-
nificantly longer steps than a Runge—Kutta routine because it doesn’t ignore points that
have already been calculated (but it will fail around singularities or discontinuities that
are poorly fit by a polynomial).

The idea of extrapolation, plus the step-doubling routine that we used for Runge—Kutta
error control, hints at the final numerical method: Richardson extrapolation. We saw
that two steps of h/2 give a smaller final error than one step of h. Four steps of h/4 give
a smaller error still, and oo steps of h/oc would be even better (exact, in fact). Although
it’s not very practical to plan on taking infinitely many steps, the sequence leading up to it
can give us insight into the infinite limit. The idea is to calculate the value at the end of the
interval many times with successively finer steps, and then fit a function to extrapolate to
the magical limit of an infinitely small step size (Figure 6.4). The Bulirsch—Stoer method
uses polynomials or ratios of polynomials to do the extrapolation. Setting this up requires
a more complex algorithm with many more internal parameters than Runge—Kutta uses,
but in return a much larger step size can be used if the solution is not too complex.
Predictor-corrector methods are older and better studied than Richardson extrapolation
methods, but it is reasonable to believe that it is easier to predict the convergence of a
sequence rather than the extrapolation of a complicated function and so extrapolation
methods are becoming more common.

We have so far assumed that the differential equation being solved is reasonably well
behaved. A particularly nasty source of problems is stff differential equations, which
typically arise when a problem has vastly different time or length scales. Consider the
following example:

2
gﬁ —10% =0 . (6.31)
This is easily solved to find the general solution
y = Ae'"™t 4 Bem10006 (6.32)

Consider what will happen if you give this equation to an unsuspecting differential equa-
tion solver with the initial conditions on ¢ and ¥ chosen so that A = 0. It will start
stepping along, making its usually harmless small errors at each step. However, a small
error in y (and therefore §y) means that a tiny bit of the other solution will creep in, and
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as soon as A # 0 then exp(1000¢) will annihilate exp(—1000t) and the solution will blow
up. The first thing to check when you run into a stiff differential equation is whether the
variables can be rescaled so that their orders are comparable. Beyond that there is a range
of special techniques for stiff differential equations that contain the different solutions;
see [Gear, 1971].

This chapter has exclusively considered initial value problems. Sometimes boundary-
value problems arise, in which values are known in the middle or the end of the interval.
A classic example that was an important application for early computers was gunnery
problems that seek initial conditions to launch a shell to land on a target. This is a
harder task, and there are no simple solutions. One class of techniques, fittingly called
shooting methods, sends multiple solutions across the interval and then tries to iteratively
update its guess for the initial conditions that satisfy the boundary conditions. The other
common approach is to use finite elements to discretize the entire interval to be solved
and calculate it in parallel (Chapter 8).
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Analysis. 2nd edn. New York, NY: Springer-Verlag. Translated by R. Bartels,
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of Numerical Mathematics. New York, NY: Dover Publications. 2 volumes.
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6.5 PROBLEMS

(6.1) What is the second-order approximation error of the Heun method, which averages
the slope at the beginning and the end of the interval?

Yz +h)=y(z) +
h
2 U@ y@) + flz + h,y@) + hf(z, y(@)]} (6.33)

(6.2) For a simple harmonic oscillator §j+y = 0, with initial conditions y(0) = 1, %(0) = 0,
find y(t) from ¢t = 0 to 1007. Use an Euler method and a fixed-step fourth-order
Runge-Kutta method. For each method, what step size is needed for the average
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(6.3)

error over the interval to be less than 0.001? Check also the error in the value and
slope at the last point.

If the step size for a fourth-order Runge—Kutta algorithm is decreased by a factor of
10, by approximately how much will the local error decrease? Verify this functional
relationship by writing an adaptive variable stepper to find the average step size
necessary for a given local error over the interval in the preceding problem. Check
also the dependence of the average actual error, and the final error, on the step size.



7 Finite Differences: Partial Differential Equations

The world is defined by structure in space and time, and it is forever changing in complex
ways that can’t be solved exactly. Therefore the numerical solution of partial differential
equations leads to some of the most important, and computationally intensive, tasks in
all of numerical analysis (such as forecasting the weather). This chapter introduces finite
difference techniques; the next two will look at other ways to discretize partial differential
equations (finite elements and cellular automata). Just as we used a Taylor expansion to
derive a numerical approximation for ordinary differential equations, the same procedure
can be applied to partial differential equations. Because the discretization must be done
in space as well as time, there are many more possible strategies for finding good (and
bad) approximations.

We will start with two degrees of freedom, say one spatial variable z and a time ¢.
Given a function u(z, t), its spatial derivatives are found from the Taylor expansion

ou

u(x + Az, t) = u(z, t) + Ax —
Oz

N (Az)? O*u
2l 02,

+ O[(Az)’] . (7.1)
R

x,t
The first partial derivative can be approximated by the forward difference

u(z + Az, t) — w(z,t) _ Ou

Az ox

+O[(Az)] . (7.2)

x,t

If we replace Az with —Az, this becomes the equally reasonable backwards difference
approximation

u(z,t) —u(x — Az, t) _ @

Az Ox

+O[(Az)’] . (7.3)

z,t

Both are first-order approximations. The order of the approximation can be raised to
second order by taking the difference between two time steps, which subtracts out the
quadratic term:

w(z + Az, t) — w(z — Az, t) _ @

s e +O[(Az)’] . (7.4)

z,t

Although this might appear always to be preferable, we will see that it can have surprising
undesirable stability properties.
The straightforward finite difference approximation to the second partial derivative is

78
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Figure 7.1. A computational cluster.

also correct to second order:
1 [u(m + Az, t) —w(x,t) _uz,t) —u(x — Az, t)] _

Az Ax Ax
wx + Az, t) — 2u(z,t) + u(xz — Az, t) _ Ou 3
Ay = 5 » + O[(Az)’] . 7.5)

Numerical methods for partial differential equations are usually classified by the char-
acteristics for the equation that they apply to (Chapter 3), which measure how information
from the boundary conditions influences the solution. Characteristics can even be used
as the basis for numerical solvers [Ames, 1992], but here we will simply use them as con-
venient labels for the most common cases: a wave equation (hyperbolic characteristics),
diffusive processes (parabolic), and boundary value problems (elliptic). More complex
systems can have some or all of these elements.

7.1 HYPERBOLIC EQUATIONS: WAVES

To see how the stability of the solution depends on the finite difference scheme, let’s
start with a simple first-order hyperbolic PDE for a conserved quantity in one dimension

Ou Ou

a - —'Ua—x . (76)
Substitution readily shows that this is solved by any function of the form

u= f(r—ovt) . 7.7

Writing u(jAz,nAt) = u} to make the notation clearer, a simple discretization is
first-order in time and second-order in space:

wt —up (U U
At 2Ax
Uy t= u; — Z_A—;(uj+l —uj_y) (7.8)

(using a first-order spatial approximation would make it asymmetrical). It can be con-
venient to represent such approximations by drawing the cluster of values used in the
update rule (Figure 7.1). Given an initial distribution u7, it is straightforward to iterate
this rule forward in time.

To analyze the stability of a finite difference scheme, the von Neumann stability
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analysis locally linearizes the equations (if they are not linear) and then looks at the
growth of the linear modes

ul = A(k) e™® (7.9)

which have an oscillatory dependence on space and an exponential dependence on time,
Plugging in this ansatz gives a solution to the finite difference equation for A(k). If
|A(k)| > 1 for some k, then these modes will diverge and the scheme will be unstable
(remember that the exact solution (7.7) does not diverge). For equation (7.1) this gives

vAt

An+leika = Aneika _ Z_A_; (Aneik(jﬂ)z _ Aneik(j—l)z)
At . ;
A=1— ;)_A_; (ezkz _ e—zkz)
=1- i”A—A; sinkz . (7.10)

The absolute magnitude of this is always greater than 1, and so this scheme is always
unstable. Any initial condition will diverge!

This disturbing behavior in such a sensible approximation is easily corrected with the
Lax method, which averages the neighbors for the time derivative:

n+l —

| n vAt "
U; E(ujﬂ +tuj ) — Z_A;(ujﬂ —uiy) . (7.11)

Repéating the stability analysis shows that the amplitude of a solution is

At
A =coskxr — ZvA_x sinkz . (7.12)

Requiring that the magnitude be less than 1,

At\?
|A|* = cos? kx + <vA_x) sin kz < 1

|v|At

This is the Courant—F'riedrichs—Levy stability criterion, and it will recur for a number
of other schemes. It says that the velocity at which information propogates within the
numerical algorithm (Az/At) must be faster than the velocity of the solution v. For space
and time steps that satisfy this condition, the Lax method will be stable. Otherwise, there
is a “numerical boom” as the real solution tries to out-run the rate at which the numerical
solution can advance. The lateral averaging for the time derivative in the Lax method
helps the numerical information propagate, compared to the unstable approximation that
we started with (equation (7.1)). The origin of this stability becomes clearer if the Lax
method is rewritten by subtracting u} from both sides:

u;.‘“ —uy -y <u;‘+1 —ui_y

1
bt — 2w ) ,
At 2Az ) 2Ar W1 2Ug ) (7.14)
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This is just our original equation (7.1), with an extra fictitious diffusion term added that
depends on the discretization:
Ou _ Ou , (Azx) O

= —pyp—

ot dxr  2At Ox?

(7.15)

This is an example of an artificial numerical dissipation, which can occur (and even
be added intentionally) in stable schemes. In this case it is good, because it serves to
damp out the spurious high-frequency modes (k ~ 1) while preserving the desired long
wavelength solutions. In other cases it might be a problem if the goal is to look at the
long-term behavior of a nondissipative system.

The Lax method cures the stability problem and is accurate to second order in space,
but it is only first-order in time. This means that vAt will need to be much smaller than
Az to have the same accuracy in time and space (even though a much larger time step
will be stable). A natural improvement is to go to second order in time:

n n— 'UAt n n
uj+1 = 1_ o (uj+l — uj—l) ) (7.16)

The stability analysis for this equation now leads to a quadratic polynomial for the
amplitude, giving two solutions

2
A= i k) £ 4/1— [”—At sin(kx)] . (7.17)
Az Az

If |u]At/Az < 1 then the radical will be real, and |A|?> = 1 independent of k. The Courant
condition applies again, but now there is no dependence of the amplitude on the spatial
wavelength & and so there is no artificial damping (unlike the Lax method). This is called
the leapfrog method because it separates the space into two interpenetrating lattices that
do not influence each other (u;-‘+l does not depend on u}). Numerical round-off errors
can lead to a divergence of the sublattices over long times, requiring the addition of an
artificial coupling term.
Problem 7.1 considers the finite difference approximaton to the wave equation.

7.2 PARABOLIC EQUATIONS: DIFFUSION

We will next look for finite difference approximations for the 1D diffusion equation

ou 0 ou
% 52 <D%> , (7.18)
and will assume that the diffusion coefficient is constant
Ou u
—=D— .19
ot oz (7.19)

The methods to be described will have natural generalizations when D is not constant.
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The straightforward discretization is

u;‘“ —u? - D ulyy — 2ul +uf
At (Aac)2
n+tl — ,,n t n 2 noyn 720
Uy = Uy _(Ax)l (Ui — 2uy +ui_ ] . (7.20)

Solving the stability analysis,

DAt
A= + 'Lkz —2+e —ikx
1+ oy 24
2coskxr —2 )
2 <2coszk7x — 1) -2
_ 4DAt o2 kz
TG 2
4DAt 2DAt
< — < — < . .
|A|_1=>(Ax)2_2=> (Ax)Z_I (7.21)

The method is stable for small step sizes, but since for a diffusive process the time ¢ to
expand a distance L is roughly t ~ L?/D, the number of time steps required to model
this will be ~ L2/(Az)? (i.e., a very large number).

The stability can be improved by evaluating the space derivative forwards in time:

Ty ad s D <u'_":ll—2u'}+l+u'}:ll>
2 7 = i ol St B Sl X

At (Azxy?
n+l __ DAt r, n+l _ 5, n+l ntl] = ,,n
uj Aoy [ufii — 2uf™ +uflj] =uf . (7.22)

The stability analysis for this is

(IA)A)Z[A ikx 2A+Ae—ikz]=1
4DAt ., k) _
A+ Fg s’ 7| =1
1
A= —5r 2@51. (7.23)
aze " 2

This scheme is stable for all step sizes, but might appear to be useless: how can we
implement it since we don’t know the forward values used in the space derivative? These
future values are implicitly determined by the past values, and the trick is to recognize
that the full set of equations can be inverted. The stability follows because peeking into
the future in this way helps move information through the solution more quickly.

The boundary conditions are typically given as either fixed (u; and uy are specified)
or periodic (uy = up+1, so that the system does not have edges). If we assume fixed
boundary conditions and define @ = DAt/(Az)?, then equation (7.22) can be written as
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a matrix problem

1 0 0 e 0 upl up
~a 1+2a -« 0 . 0 u;wl up
0 —a 1+20 -« 0 : U?H = (I

0 e 0 —a 14+20 -« uﬁ'_‘ll UN 1
0 0 0 1 uy’ uy

This is a tridiagonal matrix (all the elements are zero, except for the diagonal and the
adjacent elements), and it can easily be inverted to find u™*! in terms of u™ without doing
all of the work needed to invert an arbitrary matrix.

The system of equations corresponding to an arbitrary tridiagonal matrix is

biu +aqu = d;
a;ti—1 +bu; +cui =di 2<i<N-1)
anun—1+byuy =dy (7.24)

Forus,a = ¢ = —a, b =1+ 2aq, and the d’s are the new u’s. These can be solved in two
passes. In a system of equations, multiplying one equation by a constant and adding it
to another one does not change the solution. If we multiply the first row by —a;/b; and
add it to the second row this will eliminate the a; term. If we then divide the second row
by the new b, term, and repeat these steps (Gauss elimination) down the matrix, we will
get a new matrix with zeros below the diagonal and ones on the diagonal (this is called
an upper-diagonal matrix). Then, a reverse pass back up the matrix that multiplies the
new Nth row by the new values for —cy_1/by and adds it to the previous row, and
so forth, converts the matrix to a diagonal one and the solution can be read off. Using
primes for the values after the forward pass, a bit of algebra shows that

;-G /_dl

c = — [ —
1 bl 1 bl
J. = Ci+l ;o _ divl — G d; (7.25)
) l - y l - 75 .
o bi+1 — ai+ld5 w biv1 — az’+102
Then, the reverse pass gives
UnN = d/N
ui =d; — Cui1 - (7.26)

This is an O(N) steps algorithm, and so there is little performance penalty for using an
implicit discretization instead of an explicit one.

The accuracy can be improved to second order in time by averaging the spatial deriva-
tive at the beginning and the end of the interval:

W'y _ D

At 2(Az)

[t = 2up™ + ) + (ufy —2uf +uf)] - (7.20)
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oliih

Figure 7.2. Computational clusters for alternating implicit steps
for the z (solid) and y (dashed) coordinates.

This is called the Crank—Nicholson method, and the stability analysis shows that it is
stable for any time step:

Azl—aDmAmynwwwm
1+ 2DAt/(Ax)?) sin’(kz/2)

To solve a diffusion problem in higher dimensions we could make it implicit in all of
the dimensions. This works, but results in a banded matrix that is no longer tridiagonal.
Although it can be inverted (with much more effort), a simple trick recovers tridiagonal
matrices. This is the Alternating-Direction Implicit method (ADI), which is an ex-
ample of the general principle of Operator Splitting. In 2D, instead of advancing both
coordinates in one step, the x coordinates are advanced in a first implicit (tridiagonal)
step of At/2, and then in a second implicit step of At/2 the new y coordinates are found.
For the implicit method this is

(7.28)

ntl/2 _ n DAt 2 ntl/2 | n¥l/2
U= Ut 2Azp (uj+l,k — ZujJc tu; gt
U?,kﬂ - Zu;'l,k + u;'l,k—l)
atl — ntlz . DAt p ntl/2 | n+l)2
( = 2u;, '+ +

Uik =Ygk T oAy Utk i1,k
n+l n+l n+l
uiyo g — 2ufy tufiyg (7.29)

(shown in Figure 7.2).

7.3 ELLIPTIC EQUATIONS: BOUNDARY VALUES

The remaining class of partial differential equations to be discussed are of the form of
the elliptic boundary value problem

Viu=p . (7.30)

This is Poisson’s equation; if the source term p = 0 then it becomes Laplace’s equation.
The boundary condition can be specified by giving the value of u on the boundary
(Dirichlet conditions), the value of the normal derivative of u on the boundary (Neuwmann
conditions), or a mixture of these. Poisson’s equation and Laplace’s equation are among
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the most commonly solved numerical equations because they apply to so many different
areas. It’s instructive to look at some important examples to see how they arise:

e Heat Flow

The heat flux F in a material is proportional to the gradient of the temperature T' by
the thermal conductivity K:

F=_KVT . (7.31)

The change of heat () in a volume is related to the temperature change by the specific
heat C and the density p by

aQ _ oT
- = /V Cogr dV (7.32)

and it is also equal to the surface integral of the heat flux

dQ _ Lo
- = /S F.dA . (7.33)

Equating these and using Gauss’ theorem,

T - —
/Cp%—th=—/F~dA
=—/V-ﬁdV

= / KVT dv
18T

= .
=V il (7.34)

where kK = K/Cp is the thermal diffusivity. This is a diffusion equation, and for a
steady-state problem the time derivative of 1" will vanish, leaving Laplace’s equation
for the temperature distribution.

o Fluid Flow

The continuity equation for a fluid of density p and velocity ¥ is

%D+V-p'l7=0 : (7.35)

If the density is constant this reduces to
V-v=0 . (7.36)

A second condition on the velocity field is that if it starts out irrotational (V x ¥ = 0) it
will remain irrotational (for example, this will be the case if at —oo the flow is uniform;
see any fluids text such as [Batchelor, 1967] for a derivation). If the curl of a vector
field vanishes, it can be written as the gradient of a potential:

VXx§=0=7=-Vy . (1.37)
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Combining this with the continuity equation gives Laplace’s equation again
V- (Vo) =Vip=0 . (7.38)

e Electric Fields
In MKS units, the electric field E is determined in terms of the charge density p, the
magnetic field B, and the polarizability ¢ by
, . _ 8B
V-eE=p VXxE=—— . (7.39)
ot
For a steady-state problem, the time derivative of Bis zero, and so the electric field
is the gradient of a potential ¢

VxE=0=>E=-Vyp . (7.40)

Combining this with the charge equation and assuming that € does not depend on
position gives Poisson’s equation

Vip = JE) . (7.41)
A problem closely related to Laplace’s equation is Helmholtz’s Equation, which we

found by separating out the time dependence in a wave equation:

1 8%u
2 = e —
Viu= G oe

2
U= At o Wt = _Y Aeivt
2

2 w? _
VA+?A—O ) (7.42)
~—~—

kl
The obvious finite difference approximation for Poisson’s equation is (in 1D)
Uj+ — ZUj + Uj—1
(Azy
Unlike the initial value problems we have been studying, this has no time dependence.
It can be written as a matrix problem which can be solved exactly

p; (7.43)

A-d=(Az)}F = d=(AxPA7l.5 (7.44)
where
-2 1 0o - 0 1 u
1 -2 1 0 0 u
0 ’ :
A= 0 1 =2 1 0 and ©= U; (7.45)
0 .
0 1 -2 1 UN-1
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(for periodic boundary conditions, with fixed boundary conditions the upper-right

and lower-left corner elements would be zero). For Helmholtz’s equation, the matrix

problem requires finding the eigenvalues and eigenvectors of A to determine the modes.
In 2D, the finite difference approximation is

Ut T Uj— 16 + Uj el T U -1 — 4Uj

= p; . 46
This can be also be solved by a matrix inversion:
Ui,1 PL1
Uz 1 P21
UN,1 PN.1
Al w2 [=A2| P2 , (7.47)
UN2 PN2
UN,N PN,N
where
0 1 0 0 1 -4 1 0 0 1 0
A= 0 1 0 0 1 -4 1 0 0 1 0
0 1 0 0 1 -4 1 0 0 1 0
(7.48)

The generalization to higher dimensions is straightforward, making a column vector from
a multidimensional array by sequentially reading down the axes.

For fixed boundary conditions, the matrix (7.45) is tridiagonal, which we saw in Section
7.2 is easy to invert. For periodic boundary conditions it is almost tridiagonal, but with
the extra corner elements added. Fortunately, if a matrix is related to another one by
adding the outer product of two vectors

A—-(A+U®7) (T® )i = UV (7.49)

then there is a simple relationship between their inverses. In our case, ¥ = ¥ =
(1,0,...,0,1), and —1 is subtracted from the upper-left and lower-right elements of
A before the inversion. The inverses are related by the Sherman—Morrison formula,
derived by doing a power series expansion of the inverse and then using the associativity
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of the inner and outer products

A+E0) ! '=A 1+A71. g@9)™"
=(1+A 1. g A7l
=1-A1l g0+
AT 407 A dT—-]-A7!
=1-A" g0+
AN @ AT - BeT— -] AT
N’

&
=[1-A" @l -8+F - )] A"
A D) @-AY
B 1+3

Matrix (7.48) i1s banded-diagonal, having diagonal rows of ls N elements on either
side of the diagonal, and in higher dimensions there will be more bands. Although these
are sparse matrices and it can be possible to solve them directly (see [Press ez al., 1992]
for techniques), the effort required in two or more dimensions can quickly become pro-
hibitive.

One alternative that is applicable for constant-coefficient linear problems is Fourier
Transform methods. In 2D, the discrete Fourier transform of the field is

=A"! (7.50)

M—-1N-1
am,n - E : E :uj,kelmmj/Melmnk/N , (751)
=0 k=0
and the inverse transform is
] MZIN-l
— ~ —2mijm/M —2mikn/N
Uik = 35 SN i et Me me (7.52)
m=0 n=0

Plugging the transforms of u and p into equation (7.46), and recognizing that the trans-
form of a function can vanish everywhere only if the function itself is equal to zero,
gives

am,n (elvrim/M + e—lvrim/N + eZvrin/M + e—Zvrin/N _ 4)

= pmn(AT) (7.53)
Rearranging terms and simplifying the complex exponentials,
~ . A 2
Uy ) = Pm.n(A2) : (7.54)
' 2mm 2mn
2 cos + 2 cos N 4

Therefore, the forward transform of the source term can be calculated, this can be used
to find the 4, and then the inverse transform can be taken to find u. This solution
imposes periodic boundary conditions; some other boundary conditions can be imposed
by choosing the form of the expansion (for example, using only sines if the solution
vanishes on the boundary).
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The Fourier transform method is so simple only for linear constant-coefficient prob-
lems with boundary conditions along the coordinate axes; some kind of iterative approxi-
mation process is needed for more general problems. An important class of techniques is
found by remembering that Poisson’s equation is the steady-state solution of a diffusion
problem (whether or not it originally arises from diffusion)

— =Viu—p . (7.55)

This means that all of the techniques for solving diffusion problems can be applied here,
with the asymptotic answer giving the solution to Poisson’s equation.
The simplest is Facobi’s method, which just takes forward time differences

At
+1 —
uip Sup, t Bzy (Ugr e U_r e T UG gy FUS ey — 4uly) — Atpix . (7.56)

Here the time step does not have any physical significance, we just want the largest
possible step that converges to the solution. In 2D the Courant condition is At/(Az)* <
1/4, leading to
| (Az)?
+1 -

U;‘l,k = Z(U?H,k + u;'l—l,k + U?,kﬂ + u;'l,k—l) Ty Pik - (7.57)
This has a very natural interpretation: starting from a random guess, at each time step
each lattice site is set to the average of its neighbors (and a source term is added). This
process is repeated until the solution stops changing, a technique called relaxation. A
related algorithm, the Gauss—Seidel method, uses updated values as soon as they become
available

2
un+l — 1(un + un+l + " + n+l ) _ (Ax) . 7 58)
sk = 3 \UsLk j—lk T Uj kel T Uj k1 3 Pk (7.

(assuming that the updating proceeds down rows).
These both work, but the convergence is too slow for them to be useful. This can be
seen by rewriting them in terms of the matrix problem

A-i=p (7.59)
and then separating A into lower-triangular, diagonal, and upper-triangular parts
L+D+U)-d=75 . (7.60)

For the Jacobi method, the lower- and upper-triangular parts are moved to the right

hand side:
D i =—L+U)-d,+75 . (7.61)

The convergence rate will be determined by the eigenvalues of the iteration matrix —D~!-
(L +U). The magnitude of all of the eigenvalues must be less than 1 for stability, and
the largest eigenvalue determines the overall convergence rate (the largest eigenvalue is
called the spectral radius p,). For a large N X N square lattice problem, the spectral
radius is asymptotically equal to [Ames, 1992]

2

L] - —— .
Placabi SN (7.62)
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Therefore, reducing the error by a factor of 10 requires —In10/1In p, ~ N? steps. In
the Gauss-Seidel method, the lower-triangular part is moved over to the left side:

(L+D) Gy =-U-dp+75 . (7.63)

For the square 2D lattice, this has a spectral radius of

7.‘.2

PGauss—Seidel = 1 - ']—V-E ) (764)

and so the number of steps needed to reduce the error by a factor of 10 is half that required
by the Jacobi method. For a 100 x 100 lattice, both of these methods require ~ 10* steps
for an improvement of a factor of 10 in the answer, which is usually prohibitive. The
Gauss-Seidel method is preferable to the Jacobi method because it converges faster and
does not require auxiliary storage, but something better than both is needed.

The Gauss-Seidel method can be rewritten in a suggestive form as follows:

(L+D) tp =-U-d,+75
tn+1 = (L+D)'[-U- @, + 7]

@p —(L+D) ! [U- -4, — - i,

n—(L+D) ' [(L+D+U). @, — 7]

n—(L+D)"[A-d, - 4]

.—(L+D)"E, |, (7.65)

n o nu
e 8

[

where E,, is the error at the nth time step. In each update, the error gets multiplied
by (L + D)~! and subtracted from the state. The idea of Successive Over-Relaxation
(SOR) is to extrapolate this correction and subtract a larger change

Tt =y —a(L+D)" E, . (7.66)

It can be shown that this converges for 0 < a < 2 [Ames, 1992]. When o = 1 this is just
the Gauss—Seidel method, a < 1 is underrelaxation (which slows the convergence), and
1 < a < 2 1s overrelaxation. The convergence rate depends on the value of ; choosing
a value that is too large is as bad as choosing one that is too small because the solution
will overshoot the final value. The optimal relaxation rate is

2
0= (7.67)
1+,/1— p_%acobi
which leads to an asymptotic spectral radius of
2w
PSOR = 1- — . (768)

N
This reduces the number of steps needed to reduce the error by a factor of 10 to O(V),

which is now proportional to the grid size rather than the square of the grid size. Written
out in components, for the 2D problem SOR is

a(Az)
(T)'Pj,k (7.69)

n+l — n a o, n+l n n+l
uy =(1—ajuj, + Z(ujﬂ,k Uil Ul g YU ) —
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SOR is very easy to program, but does require determining the relaxation parameter o
(although this can be estimated empirically, since if « is too large the solution will oscil-
late). An alternative is to use ADI (which permaits larger time steps), but that converges
at roughly the same rate. For large problems that require repeated fast solution both
techniques have been superseded by multigrid methods [Press et al., 1992], which find
the final solution on NV grid points in O(V) steps. These methods are based on iteratively
coarse-graining the problem to produce a simpler one that can be solved quickly, and
then interpolating to find the approximate solution at higher resolution. This is analogous
to the Richardson extrapolation methods for ODEs, but because of the extra dimensions
they are more complicated to implement.

74 SELECTED REFERENCES

[Ames, 1992] Ames, William F. (1992). Numerical Methods for Partial Differential
Equations. 3rd edn. Boston, MA: Academic Press.

Ames is a classic reference for numerical methods for PDEs, with a bit more
emphasis on mathematical rigor than on practical advice.

7.5 PROBLEMS

(7.1) Consider the 1D wave equation

u _ 8
2 Vo - (7.70)
(a) Write down the straightforward finite-difference approximation.
(b) What order approximation is this in time and in space?
(c) Use the von Neumann stability criterion to find the mode amplitudes.
(d) Use this to find a condition on the velocity, time step, and space step for stability
(hint: consider the product of the two amplitude solutions).
(e) Do different modes decay at different rates for the stable case?
(f) Numerically solve the wave equation for the evolution from an initial condition
with u = 0 except for one nonzero node, and verify the stability criterion.

(g) If the equation is replaced by
u _ ,0% 0 0u

o2 Von P 502 (7.71)

assume that

u(z, t) = Aelks—wh (7.72)
and find a relationship between &k and w, and simplify it for small v. Comment
on the relationship to the preceeding question.

(h) Repeat the numerical solution of the wave equation with the same initial ‘con-
ditions, but include the damping term.
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(7.2) Write a program to solve a 1D diffusion problem on a lattice of 500 sites, with an
initial condition of zero at all the sites, except the central site which starts at the
value 1.0. Take D = Az = 1, and use fixed boundary conditions set equal to zero.

(a) Use the explicit finite difference scheme, and look at the behavior for At = 1,
0.5, and 0.1. What step size is required by the Courant condition?
(b) Now repeat this using implicit finite differences and compare the stability.

(7.3) Use ADI to solve a 2D diffusion problem on a lattice, starting with randomly seeded

values.
(7.4) Use SOR to solve Laplace’s equation in 2D, with boundary conditions u; 1 = Ui x =
0,un % = —1,u; v = 1, and explore how the convergence rate depends on a, and

how the best choice for o depends on the lattice size.



8 Finite Elements

We have seen how to use finite differences to approximate partial differential equations
on a lattice, and how to analyze and improve the stability and accuracy of these approx-
imations. As powerful as these ideas are, there are two important cases where they do
not directly apply: problems that are most naturally described in terms of a spatially
inhomogeneous grid, and problems that are posed in terms of a variational principle. For
example, in studying the deformations of an auto body, it can be most natural to describe
it in terms of finding the minimum energy configuration instead of a partial differential
equation, and for computational efficiency it is certainly important to match the location
of the solution nodes to the shape of the body.

These limitations with finite differences can be solved by the use of finite element
methods. They start with general analytical expansion techniques for finding approximate
solutions to partial differential equations (the method of weighted residuals for problems
that are posed by differential equations, and the Rayleigh—Ritz method for variational
problems), and then find a numerical solution by using local basis functions with the
spatial components of the field as the expansion weights. Instead of discretizing the space
in which the problem is posed, this discretizes the form of the function used to represent
the solution.

Because these problems are so important in engineering practice they consume an
enormous number of CPU cycles. Finite element solvers are not easy to write;, most
people use dedicated packages. In addition to the core routines for solving large sparse
matrix problems and systems of ordinary differential equations, it is necessary to specify
the input geometry and then visualize the output results. There are many good general
commercial packages available such as ANSYS (http://www.ansys.com/) and MSC
(http://www.macsch.com/), as well as specialized ones such as Maxwell for electro-
magnetic fields (http://www.ansoft.com/). These can easily cost $10,000-$100,000,
there are also many available research packages.

8.1 WEIGHTED RESIDUALS

The method of weighted residuals converts a partial differential equation into a system of
ordinary differential equations (or an algebraic equation if there is no time dependence).
Let u(Z, t) be a field variable (such as temperature) that depends on space and possibly
on time, to be found as the solution of a given partial differential equation specified by a

93



94 Finite Elements

differential operator D, possibly with a source term f:
Dlw(Z,t)] = f(z,t) . @.1)

An example is Poisson’s equation V?u = p. We will assume that u is a scalar, but the
following discussion is easily extended to vector .

If 4(Z, t) is an approximate solution, its residual R is defined to be the deviation from
the correct value

R(Z,t) = D[W&, )] - f(&,t) . 8.2)

Clearly a good approximate solution for u(Z, t) will make the residual as small as possible,
but there are many ways to define “small.”

The first step in developing finite differences was to consider Z and ¢ to be discrete
variables. Here, we will keep them continuous and instead write u(Z, t) as a discrete sum
of a set of expansion weights a; times (for now arbitrary) basis functions ¢;

Wz, t) ~ Z ai(Dpi(E) (8.3)

(Chapter 12 will examine the general problem of expanding a function in terms of basis
functions). We require that the ¢; be a complete set that can represent any function (up
to the order of the approximation), but they need not be orthogonal. We will assume that
the basis functions have been chosen to satisfy the boundary conditions; if this is not the
case then there will be extra boundary equations in the following derivation.

The residual will be identically equal to zero only for the correct solution. For our
approximate solution we will attempt the easier task of making the residual small in some
average sense. There are many strategies for weighting the residual in the average to
determine the best choice for the expansion coefficients a;, the three most important
ones for finite elements being:

e Collocation In collocation, the residual is set equal to zero at N sites
RE)=0 @G=1,...,N) . 84

This gives a system of N equations for the NV unknown a;’s. This is straightforward,
but says nothing about the value of the residual away from the points where it is
evaluated.

o Least Squares In the least squares method of weighted residuals, the square of the
residual is integrated over the domain of the problem, and the expansion coefficients
are sought that minimize this integral:

0
(9(11'

/ R@dr=0 . (8.5)

o Galerkin General Galerkin methods choose a family of weighting functions w;(Z)
to use in evaluating the residual

/ R@wi(®) dZ=0 . (8.6)
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A
Ui

Figure 8.1. The 1D finite element “hat” function.

While any one such equation does not imply that the absolute value of the residual is
small, if the set of weighting functions are nontrivially related then this can provide
a tight constraint on the magnitude of the residual. The most common choice for the
weighting functions is just the basis functions themselves

0
wil@ = 5 = @) (8.7)

This is called the Bubnov—Galerkin method, or sometimes just the Galerkin method.
In the Fourier—Galerkin method a Fourier expansion is used for the basis functions
(the famous chaotic Lorenz set of differential equations were found as a Fourier-
Galerkin approximation to atmospheric convection [Lorenz, 1963], Section 16.3).

Of all these methods, the Galerkin techniques are the most common because of the
convenient formulation they lead to.

These techniques for weighting residuals do not yet have anything to say about finite
elements; they apply equally well to any family of basis functions ¢;, and can be used
to find analytical as well as numerical approximations. To be successful, however, the
basis functions need to be chosen with care. In coming chapters we will see that global
functions generally do a terrible job of fitting local behavior. The trick in finite elements
is to recognize that the basis functions can be chosen so that they are nonzero only in
small regions (the elements), and further can be defined so that the unknown expansion
coefficients a; are just the values of the field variable  (and as many derivatives as are
needed for the problem) evaluated at desired locations, with the basis functions interpo-
lating between these values. For example, in 1D the simplest such expansion is piecewise
linear (the hat functions, shown in Figure 8.1):

T — Ti
— i S <
Zi — Ti—1
.= T+l — X . 8.8
i ——— 7 <z <Tin ®8)
Tivl — T4

0 T < I OFX > Tit



96 Finite Elements

Since @;(z;) = 1 and p;(z;) = 0 for all j # ¢,
wz;) = Z aipi(Z;) (8.9)

= a; ,

therefore the expansion coefficient a; at the element point z; is just the field value
u; = u(x;). In one element z; < x < x;41 the field is piecewise linearly interpolated as
ZTiv1 — T r—x;

u(a:) = Uy + Uit . (810)
Ti+1 — T4 Zi+1 — T4

If a finite element expansion is used in one of the residual weighting strategies the
result is a set of algebraic equations for the unknown coefficients a;, or a set of ordinary
differential equations if the problem is time dependent. Unlike finite differences, we are
now free to put the approximation nodes z; wherever is appropriate for the problem.

Let’s return to the simple first-order flux PDE

==y (8.11)

to see how the Galerkin method is applied. For each basis function ¢; there is a weighted
residual equation integrated over the problem domain

Ou Ou
o=V 0 dr = 8.1
/<8t vax)gojda: 0 8.12)
(in this case the source term f = 0). Plugging in
w(z, 1) =Y ait)ei(z) (8.13)
gives
da; dep;
— ;0 + Dy —— =
Zi: / < 7 Pip; ¥ vaip;—— ) dr=0 . (8.14)
This can be written in matrix form as
da -
.—+B-a= .
A T a=0 (8.15)
where
and
— dep;
B, =v [ ¢ 1o dx (8.17)

are matrices that depend only on the basis functions, and the vector @ is the set of
expansion coefficients. This is now a system of ordinary differential equations that can be
solved with the methods that we studied in Chapter 6. Since each basis function overlaps
only with its immediate neighbors, the A and B matrices are very sparse and so they
can be solved efficiently (this is the main job of a finite element package, and much of
numerical linear algebra).

The linear interpolation of the hat functions breaks the solution space up into many
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elements, each of which has a single degree of freedom u;. On the other hand, if the
basis functions in equation (8.3) extend over the entire domain, then this can be viewed
as a single large element that has many degrees of freedom (the a;’s). There is a range
of options between these extremes, and part of the art of applying finite elements is
balancing the use of more-accurate large complicated elements with the use of less-
accurate simple small elements. As with solving ODEs, the simplest linear elements are a
poor approximation and it is usually advantageous to use more complex elements. It’s also
necessary to make sure that the elements have enough degrees of freedom to be able to
satisfy the residual weighting equation, which for polynomial expansions will depend on
the order of the PDE. For example, the bending of stiff plates has a term that depends
on the fourth spatial derivative of the displacement. Since the fourth derivative of a
linear element is zero, a linear element cannot satisfy this (other than the trivial solution
u = 0).

It is common to use polynomials for more complicated elements. Within a 1D element
z; < T < x;+1, the piecewise linear approximation is made up of a superposition of two
shape functions

b= 2Ty, BT (8.18)

Ti+l — T4 Ti+1 — Zi

the parts of the basis functions that are nonzero in the element. These functions have the
desirable property of being equal to 1 at one of the element boundaries and vanishing at
the other. In addition, they sum to 1 everywhere in the interval, so that if u; = u;4; then
the approximation is a constant over the interval. Lagrange interpolation generalizes this
to a set of N Nth-order normalized polynomials defined to vanish at all but one of N
sites:

(2 —x)z3 —2)- - (TN ~ )

U= o) — o) @ 2
4, = @ = 0)@s =)@y =)
T @ —m)@s — 1) (an — 1)
N = (z, — 33)(332 —x)-- (xn-1 — x) (8.19)

T (x1— zN) T — ZN) - (TN_1 — TN)

These can be used in higher-order elements.

A more intuitive way to define polynomial basis functions is in terms of the value of
the field and its derivatives at the boundary of the element. For example, in 1D for a
cubic polynomial

u=ayg+az+art+ar (8.20)

defined over the interval 0 < x < h, a trivial calculation shows that the a’s are related
to the boundary values uy, up, and the boundary slopes 1y, iy, by

Uy 1 0 0 0 ay
w | _ 101 0 0 a;
up | |1 h R R a, ®.21)
U, 0 1 2h 3h? as
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Figure 8.2. 1D finite element polynomial basis functions defined in terms of the value and
derivative of the function at the element boundaries.

Given desired values for the u’s and @’s, this can be inverted to find the a’s. In partic-
ular, indexed in terms of (uy, tto, Un, U ), the four shape functions in this representation
are (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1). These give the element four degrees of
freedom, but if we impose continuity on the function and slope across the element bound-
aries this is reduced to two degrees of freedom. Figure 8.2 shows how the element shape
functions can be assembled into two basis functions, one having the value of u; for
the expansion coefficient, and the other #%;. These handy functions, used for Hermite
interpolation, will return when we look at splines in Section 12.1.2.

The generalization of these elements to higher dimensions is straightforward. For
example, in 2D a triangular element with corners at (o, ¥), (21, ¥1), and (22, ¥2) can be
interpolated by three bilinear basis functions

_ @ —2)p—y)
*7 (@1 — z0)(Y2 — W)
_ (-2 —y)
(T2 — z1)(®o — Y1)
(zo — 2)(y1 — ¥)
= . 8.22
@0 — 22)¥1 —v) (6.2)

®1

¥2

To use these elements it is necessary to cover space with a triangulation (a mesh of
triangles); such mesh generation is a major task of a finite element environment. In 3D
a tetrahedron is the primitive element, and so forth.

It is useful to integrate by parts in the Galerkin method to reduce the order of the
highest spatial derivative and therefore the required element order. For example, if we
start with a 1D wave equation

Py 0%

defined in the interval (0,1), the Galerkin expansion is

1 dlai dZSOi
Z/O <W80i80j - Uzdi%‘z;{) de=0 . (824)
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The second term can be integrated by parts:

d*a; ! dgo dp; dy;
i 0 do + . 2 09; APy v, 2
dtl/“’“"” v Za [/ Gz dz T Vi,

AU Bi 5

d’a S
A - —+B-a=0 . 8.25
dt2 ( )
This is now a second-order matrix differential equation for the vector of expansion
coefficients @, and because of the integration by parts the maximum spatial derivative is
single rather than double (and so first-order elements can be used). Since this is a linear

problem we can go further and assume a periodic time dependence
at) = dpe™t (8.26)
to find an eigenvalue problem for the modes
WA =B-d, . (8.27)

In higher dimensions, Green’s theorem can be used to reduce the order of the equation
by relating area or volume integrals to integrals over boundaries [Wyld, 1976].

82 RAYLEIGH-RITZ VARIATIONAL METHODS

In Chapter 4 we saw how many physical problems are most naturally posed in terms of a
variational integral, and then saw how to use Euler’s equation to find a differential equa-
tion associated with a variational principle. In this section we will look at finite element
methods that start directly from a variational integral 7 and find the field distribution
that makes an integral extremal

§T=6 / Flu(Z, 0] dZ=0 . (8.28)

F might be the energy, or action, or time, and there can be other integral constraints
added with Lagrange multipliers, such as the path length.

One of the most important applications of finite elements is to structural mechanics
problems, for which the integral to be minimized is the potential energy in a structure.
For example, ignoring shear, the potential energy V' of a beam bent from its equilibrium
configuration u(x) = 0 by a lateral force f(x) is given in terms of the elasticity modulus
E and the cross-sectional moment of intertia I by

L 2
1 d‘u
V= ~FEI|—
/0 (2 < dx? )
The first term is the elastic energy stored in the beam by bending, and the second term is
the work done against the applied force. The equilibrium of the beam is given by 6V = 0.

2

~u(a:)f(a:)> dr . (8.29)
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As with the method of weighted residuals, we will approximate u by an expansion in
basis functions

Wz, t) = Zai(t)soi(aa : (8.30)

and try to find the best choice for the a;’s. If the integral is extremal, then its partial
derivative with respect to all of the a;’s must vanish:

0T _
(9ai B
(with the equilibrium stability determined by whether this is a maximum or a minimum).
This Rayleigh—Ritz set of equations applies whether the ;(Z) are defined globally or
locally, but this becomes a prescription for a finite element method if each ¢; is nonzero
only in a local neighborhood and has the field variables and as many derivatives as
needed as the expansion coefficients (as we saw with the method of weighted residuals).
If a problem already has a finite set of coordinates (such as the generalized coordinates
of a Lagrangian), the Rayleigh—Ritz method can be used directly without needing an
approximate expansion in basis functions.
For example, in 1D a mass on a spring has a potential energy kxz?/2, and if there is an
applied force — F' the work done in moving against the force is — F'z, so the equilibrium
position is easily found to be

0 (=1...,N) (8.31)

o (1, , F
— | zkz® — = =— . 32
E < 3 kx" — F x) 0 = =« . (8.32)
For the more difficult continuous case of equation (8.29), plugging in the expansion (8.30)
and asking that the energy be extremal gives

o [t 2o\’
[ () -]

L dZSOi dZSOj L
=Z:ai$ EI 72 4 da:—/O pi(x)f(x) dz
Aij b;

=A-a-b
=a=A"1b . (8.33)

Because of the second derivative, quadratic elements are needed.

The Rayleigh-Ritz method has converted this variational problem into an algebraic
one. More complex finite element problems result in nonlinear equations to find the
coefficients; solving these requires the search techniques covered in Chapter 13.
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84 PROBLEMS

(8.1) Use the Galerkin method to find a system of differential equations to approximate
the wave equation

o7 " ba? otoa?
Take the solution domain to be the interval [0, 1].
(8.2) Evaluate the matrix coefficients from the previous problem for linear hat basis
functions, using elements with a fixed size of h.
(8.3) Now find the matrix coefficients for Hermite polynomial interpolation basis func-
tions, once again using elements with a fixed size of h. A symbolic math environment
is useful for this problem.

2 2 2
Pu_ 0 9 O 6349



9 Cellular Automata and Lattice Gases

We started our discussion of partial differential equations by considering how they
arise as continuum approximations to discrete systems (such as cars on a highway, or
masses connected by springs). We then studied how to discretize continuum prob-
lems to develop numerical algorithms for their solution. In retrospect this might ap-
pear silly, and in some ways it is: why bother with the continuum description at all,
if the goal is to solve the problem with a digital computer rather than an analog pen-
cil?

Consider a gas. Under ordinary circumstances, it can be described by the continu-
ous distribution of pressure, temperature, and velocity. However, on short length scales
(for example, when studying the head of a disk drive flying a micron above the platter),
this approximation breaks down and it becomes necessary to keep track of the indi-
vidual gas molecules. If the energy is high enough (say, in a nuclear explosion) even
that is not enough; it’s necessary to add the excited internal degrees of freedom in the
molecules. Or if the gas is very cold, quantum interactions between the molecules become
significant and it’s necessary to include the molecular wave functions. Such molecular
dynamics calculations are done routinely, but require a great deal of effort: for the
full quantum case, it’s a challenge to calculate the dynamics for as long as a picosec-
ond.

Any gas can be described by such a microscropic description, but that is usually
too much work. Is it possible to stop between the microscopic and macroscopic levels,
without having to pass through a continuum description? The answer is a resounding
yes. This is the subject of lattice gases, or more generally, of cellular automata (CA),
which in the appropriate limits reduce to both the microscopic and the macroscopic
descriptions. The idea was first developed by Ulam and von Neumann in the early 1950s,
and has since flourished with the development of the necessary theoretical techniques and
computational hardware.

A classic example of a CA is Conway’s Game of Life [Gardner, 1970], in which
occupied sites on a grid get born, survive, or die in succeeding generations based on the
number of occupied neighboring sites. Any CA has the same elements: a set of connected
sites, states that are allowed on the sites, and a rule for how they are updated. We will
start by studying a slighly more complicated system that recovers the Navier-Stokes fluid
equations, and then will consider the more general question of how cellular automata
relate to computation.
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Figure 9.1. Direction indices for a triangular lattice.

91 LATTICE GASES AND FLUIDS

Hydrodynamics was one of the early successes of the theory of cellular automata, and
remains one of the areas that is best developed and most important for practical applica-
tions. A cellular automata model of a fluid (traditionally called a lattice gas) is specified
by the geometry of a lattice, by the discrete states permitted at each site, and by an
update rule for how the states change based on their neighbors. Both partial differential
equations and molecular dynamics models use real numbers (for the values of the fields,
or for the particle positions and velocities). A lattice gas discretizes everything so that
just a few bits describe the state of each site on a lattice, and the dynamics reduce to
a simple look-up table based on the values of the neighboring sites. Each site can be
considered to be a parcel of fluid. The rules for the sites implement a “cartoon” version
of the underlying microscopic dynamics, but should be viewed as operating on a longer
length scale than individual particles. We will see that the conservation laws that the
rules satisfy determine the form of the equivalent partial differential equations for a large
lattice, and that the details of the rules set the parameter values.

A historically important example of a lattice gas is the FHP rule (named after its
inventors, Frisch, Hasslacher, and Pomeau [Frisch et al., 1986]). This operates in 2D on
a triangular lattice, and the state of each site is specified by six bits (Figure 9.1). Each
bit represents a particle on one of the six links around the site, given by the unit vectors
&. On each link a particle can either be present or absent, and all particles have the
same unit velocity: in the absence of collisions, they travel one lattice step ahead in one
time step. The simple update rule proceeds in two stages, chosen to conserve particle
number and momentum (Figure 9.2). First, collisions are handled. At the beginning
of the step a particle on a link is considered to be approaching the site, and after the
collision step a particle on a link is taken to be leaving the site. If a site has two particles
approaching head-on, they scatter. A random choice is made between the two possible
outgoing directions that conserve momentum (always choosing one of them would break
the symmetry of the lattice). Because of the large number of sites in a lattice gas it is
usually adequate to approximate the random decision by simply switching between the
two outgoing choices on alternate site updates. If three particles approach symmetrically,
they scatter. In all other configurations not shown the particles pass through the collision
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Figure 9.2. Update rules for an FHP lattice gas.

unchanged. After the collision step there is a transport step, in which each particle moves
by one unit in the direction that it is pointing and arrives at the site at the far end of the
link. While these rules might appear to be somewhat arbitrary, it will turn out that the
details will not matter for the form of the governing equations, just the symmetries and
conservation laws.

A simpler rule related to FHP is HPP (named after Hardy, de Pazzis, and Pomeau
[Hardy et al., 1976]), which operates on a square lattice. Each site is specified by four
bits, and direction-changing collisions are allowed only when two particles meet head-on
(unlike FHP, here there is only one possible choice for the exit directions after scattering).
We will see that HPP and FHP, although apparently quite similar, behave very differently.

Let’s label time by an integer 7', the lattice sites by a vector X , and the lattice directions
by a unit vector &. If we start an ensemble of equivalent lattices off with the same update
rule but different random initial conditions, we can define fa()z , ') to be the fraction of
sites X at time 7" with a particle on link &. In the limit of a large ensemble, this fraction
becomes the probability to find a particle on that link. Defining this probability will let
us make a connection between the lattice gas and partial differential equations.

At each time step, in the absence of collisions, the fraction of particles at site X at
time 7" pointing in direction & will move one step in that direction:

fuX+a,T+1)= f(X,T) . 9.1)

Let’s introduce new rescaled variables & = 6, X and t = 6,7 in terms of the (small) space
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step O, and time step &;. Substituting in these variables, collision-free transport becomes
fa(f-" 6zd,t + 6t) - fa(f, t) =0 . (92)

If the probability f, varies slowly compared to §, and &;, we can expand equation (9.2)
in 6, and 6;:

ol Tt . o
g;f—) S+ & V(T t) 6, +O@H=0 . (9.3)
Choosing to scale the variables so that 6, = &, to first order this becomes
oT,t) | . o
ggf—)+a'Vfa(x,t)=O . 9.4)

This equation says that the time rate of change of the fraction of particles at a point is
equal to the difference in the rate at which they arrive and leave the point by straight
transport (i.e., if there is a gradient in f, more particles will arrive from one side then
the other). If collisions are allowed, the time rate of change of f, will depend on both
the spatial gradient and on a collision term €2, scattering particles in or out from other
directions

Bful@,t)

ot

fa is the distribution function to find a particle. The collision term €, will in general
depend on the distribution function for pairs of particles as well as the one-particle
distribution function, and these in turn will depend on the three-particle distribution
functions, and so forth. This is called the BBGKY hierarchy of equations (Bogolyubov,
Born, Green, Kirkwood, Yvon [Boer & Uhlenbeck, 1961]). The Boltzmann equation
approximates this by assuming that Q, depends only on the single-particle distribution
functions f,.

We derived equation (9.5) by making use of the fact that particles travel one lattice site
in each time step, and then assuming that f,, varies slowly. Now let’s add the conservation
laws that have been built into the update rules. The total density of particles p at a site
Z is just the sum over the probability to find one in each direction

S ful® =03 (9.6)

+ & ViaZ )= Qu(F t) . 9.5)

and the momentum density is the sum of the probabilities times their (unit) velocities

> afa=pv . 9.7

«

Since our scattering rules conserve particle number (the particles just get reoriented), the
number of particles scattering into and out of a site must balance

> QuB=0 |, (9.8)

and since the rules conserve momentum then the net momentum change from scattering
must vanish

> aQa=0 . 9.9)
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Therefore, summing equation (9.5) over directions,

> [PAED 1o vgan] = Do .10
ng +> & -Vfa=0
ot =" L ¢
gi’+v =0 . 9.11)

This is the familiar equation for the continuity of a fluid, and has arisen here because we’ve
chosen scattering rules that conserve mass. A second equation comes from momentum
conservation, multiplying equation (9.5) by & and summing over directions

thafa+Za(a Vf)=0 . 9.12)
The ith component of this vector equation is
%Zaif“ZZaiajg—ﬁ:o ) (9.13)
o a g
Defining the momentum flux density tensor by
My;=> &byfa (9.14)
this becomes
6’) - Z %I:” = (9.15)

We now have two equations, (9.11) and (9.15), in three unknowns, p, ¢, and IL. To
eliminate IT we can find the continuum form of the momentum flux density tensor by
using a Chapman—FEnskog expansion [Huang, 1987], a standard technique for finding
approximate solutions to the Boltzmann equation. We will assume that f, depends only
on ¥ and p and their spatial derivatives (and not on time explicitly), and so will do an
expansion in all possible scalars that can be formed from them. The lowest-order terms
of the deviation from the equilibrium uniform configuration are

fa=§<1+2&17+A[(d-17)2—%|17|2]
+B[(a.V)(a.m—%v-a]+...) . 9.16)

The terms have been grouped this way to guarantee that the solution satisfies the density
and momentum equations (9.6) and (9.7) (this can be verified by writing out the compo-
nents of each term). In this derivation the only features of the FHP rule that we’ve used
are the conservation laws for mass and momentum, and so all rules with these features
will have the same form of the momentum flux density tensor (to this order), differering
only in the value of the coefficients A and B.
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The Navier—Stokes governing equation for a d-dimensional fluid is

% +pup(@- VY0 = =Vp+ V25 + (( + g)V(V 27 I 9.17)
where p is the pressure, 7) is the shear viscosity, ¢ i1s the bulk viscosity, and p = 1
for translational invariance [Batchelor, 1967]. Using the Chapman-Enskog expansion to
evaluate the momentum flux density tensor in equation (9.15) and comparing it with the
Navier-Stokes equation shows that they agree if { = 0, n = pv = —pB/8 (v is the
kinematic viscosity), 4 = A/4, and p = p/2. Further, in the Boltzmann approximation it
is possible (with a rather involved calculation) to find the values of A and B for a given
CA rule [Wolfram, 1986].

The simple conservation laws built into our lattice gas have led to the full Navier—
Stokes equation; the particular rule determines the effective viscosity of the fluid. While
the details of this calculation are complicated, there are some simple and important
conclusions. The viscosity for the square lattice (HPP model) turns out to depend on
direction and hence is not appropriate for most fluids, but the viscosity of the triangular
lattice (FHP model) is completely isotropic. The simulations in Problems 9.1 and 9.2
will show just how striking the difference is. This profound implication of the lattice
symmetry was not appreciated in the early days of lattice gas models, and helped point
the way towards the realization that a simple lattice gas model could in fact be very
general. In 3D the situation is more difficult because there is not a 3D lattice that gives
an isotropic viscosity. However, it can still be achieved by using a more complex tiling that
is not translationally periodic, or a cut through a higher-dimensional lattice such as the
4D Face-Centered Hyper-Cubic (FCHC) rule [Frisch et al., 1987]. It is not possible to
reduce the viscosity in a simple model like FHP (an attribute that is needed for modeling
a problem such as air flow), but this can be done by adding more than one particle type
or by increasing the size of the neighborhood used for the rule [Dubrulle et al., 1991].

Lattice gas models have not displaced the most sophisticated conventional numerical
hydrodynamics codes, which are much more mature, and which make it easier to adjust
the numerical parameters. But with much less effort they can be surprisingly competitive,
and the required hardware, software, and theory are all advancing rapidly [Rothman &
Zaleski, 1997].

9.2 CELLULAR AUTOMATA AND COMPUTING

Simulating a cellular automata is an unusual type of computation. Rather than the many
kinds of memory, instructions, and processors in a conventional computer, it requires just
storage for the bits on the lattice, and an implementation of the local update rule. This
is an extreme form of a SIMD (Single Instruction Multiple Data) parallel computer.
The update can be performed by using the bits at each site as an index into a look-up
table, so the architecture reduces to memory cycling through a look-up table (where
the sequence of the memory retrieval determines the lattice geometry). This means that
relatively modest hardware, such as the special purpose CAM computers [Toffoli &
Margolus, 1991], can match or exceed the performance of the largest supercomputers for
CA problems.
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Figure 9.3. Rotation by three shears.

We’ve seen that a cellular automata computer can simulate fluids. A surprising number
of other physical systems also can be modeled by cellular automata rules; an important
example is the rendering of 3D graphics. An obvious possibility is to replace the ray-
tracing calculations used in computer graphics by the propagation of lattice photons.
Less obviously, global rotations in 2D and 3D can be done by shear operations, which
can be implemented efficiently on a CA-style computer (Figure 9.3) [Toffoli & Quick,
1997]. Therefore, by using cellular automata 3D graphics can feasibly be done from a
first-principles description.

Perhaps even more surprisingly, cellular automata are computationally universal: they
can compute anything. Consider the elements in Figure 9.4 (the underlying lattice is not
shown). This is similar to a lattice gas: billiard balls move on a lattice with unit velocity,
and scatter aoff of each other and from walls. Two balls colliding generates the AND
function, and if one of the streams of balls is continuous it generates the NOT function of
the other input. These two elements are sufficent to build up all of logic [Hill & Peterson,
1993]. Memory can be implemented by delays, and wiring by various walls to guide the
balls. The balls can be represented by four bits per site (one for each direction), with
one extra bit per site needed to represent the walls. This kind of computing, developed
by Edward Fredkin, Norman Margolus, Tomaso Toffoli, and collaborators [Fredkin &
Toffoli, 1982], has many interesting features. No information is ever destroyed, which
means that it is reversible (it can be run backwards to produce inputs from outputs)
[Bennett, 1988], and which in turn means that it can be performed (in theory) with
arbitrarily little dissipation [Landauer, 1961]. Reversibility is also essential for designing
quantum cellular automata, since quantum evolution is reversible. A quantum CA is
much like a classical CA, but it permits the sites to be in a superposition of their possible
states [Lloyd, 1993]. This is a promising architecture for building quantum computers
[Gershenfeld & Chuang, 1997].

For some, cellular automata are much more than just an amusing alternative to tra-
ditional models of computation. Most physical theories are based on real numbers. This
means that a finite volume of space contains an infinite amount of information, since its
state must be specified with real numbers. But if there is an energetic cost to creating
information (as there is in most theories), then this implies an infinite amount of energy
in a finite space. This is obviously unacceptable; something must bound the information
content of space. While such a notion can arise in quantum field theories, CAs start as
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discrete theories and therefore do not have this problem, and so in many ways they are
more satisfying than differential equations as a way to specify governing equations. There
is nothing less basic about them than differential equations; which is more “fundamental”
depends on whether you are solving a problem with a pencil or a computer.
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[Hasslacher, 1987] Hasslacher, Brosl (1987). Discrete Fluids. Los Alamos Science,

175-217.
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MA: Addison-Wesley.
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Flow. Review of Modern Physics, 66, 1417-1479.

Reviews the basic theory and extends it to fluids with multiple components.
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94 PROBLEMS

(9.1) Simulate the HPP lattice gas model. Take as a starting condition a randomly seeded
lattice, but completely fill a square region in the center and observe how it evolves.
Use periodic boundary conditions. Now repeat the calculation, but leave the lattice
empty outside of the central filled square.

(9.2) Simulate the FHP model, with the same conditions as the previous model, and
describe the difference. Alternate between the two possible two-body rules on al-
ternate site updates.
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The first two parts of this book have covered techniques to explore the behavior of a model
but have assumed that the model is known. Frequently, finding the model in the first
place is the most difficult, interesting, and important question. Models can come from
introspection or observation (or both); here we turn to the problem of inferring a model
from measured data. The model may be used to characterize and classify the data, to
generalize from the measurements in order to make predictions about new observations,
or most ambitiously to learn something about the rules underlying the observed behavior.

In any data-driven modeling effort the two central tasks are always choosing the func-
tional form of the model, and using the data to determine the adjustable parameters of
the model. These are closely connected but can lead to different kinds of errors. Model
mismatch errors are those that arise from a model that is unable to represent the data,
and model estimation errors come from using incorrect values for the model parame-
ters. Decreasing one kind of error is likely to increases the other kind. This is called a
bias/variance tradeoff — if you want less bias in the estimate of a model parameter, it
usually costs you more variance. A more flexible model that can better represent the data
may also be more easily led astray by noise in the data. Each of the coming chapters
covers some kind of optimization to minimize these errors. Since one person’s data may
be another’s noise, it will be important throughout to keep an eye on which principle is
being used to optimize what quantity with respect to which error measure, and on how
the “best” solution is defined. After all, everything is optimal with respect to something,
or conversely no one thing is optimal with respect to everything (the No Free Lunch
theorem [Wolpert & Macready, 1995, Macready & Wolpert, 1996]).

Chapter 10 introduces the canon of function fitting. Chapters 11-14 revisit these
standard choices in order to uncover the power of less-familiar alternatives, and Chapters
15 and 16 look at the essential role that time can play in modeling.
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The goal of function fitting is to choose values for the parameters in a function to
best describe a set of data. There are many possible reasons to do this. If a specific
meaningful form for the function with a small number of free parameters is known in
advance, this is called parametric fitting, and finding the parameter values themselves
may be the goal (for example, measuring an exponential decay constant to determine a
reaction rate). If the form of the function is not known, and so a very flexible function
with many free parameters is used, this becomes nonparametric fitting (although this
distinction is often vague). One reason to do nonparametric fitting is to try to find and
describe underlying trends in noisy data, in which case the fit must build in some prior
beliefs and posterior observations about what defines the difference between the signal
and the noise. In function approximation there is no noise; the goal is to take known
(and perhaps laboriously calculated) values of a function and find a function that is
easier to evaluate and that can interpolate between, or extrapolate beyond, the known
values.

It’s useful to view function fitting in a context such as the Minimum Description
Length principle (M DL) [Rissanen, 1986], or the related Algorithmic Information The-
ory [Chaitin, 1990]. One extreme is to report the observed data itself as your model. This
is not hard to do, but the “model” is very large and has no ability to generalize. Another
extreme is report the smallest amount of information possible needed to describe the
data, but this may require a great deal of supporting documentation about how to use
the model (your tidy computer program is of no use to a Martian unless it comes with a
complete description of a computer that can run it). The best model typically lies between
these extremes: there is some amount of information about the data, and some about the
model architecture. According to MDL, the sum of these two kinds of information taken
together should be as small as possible. While this idea cannot be applied directly (like
so many other attractive ideas, it includes a solution to the halting problem of decid-
ing if an arbitrary program will terminate, which is known to be impossible [Turing,
1936, Chaitin, 1994)]), it is a useful guiding principle that can be made explicit given
specific assumptions about a problem.

In this chapter we will look at the basic features of function fitting: the general prin-
ciples by which data can be used to constrain a model, the (often overlooked) connection
with the choice of an error measure, how to fit a model with linear and nonlinear pa-
rameters, and the limits on what we can expect to learn from fitting. We will not be
particularly concerned with the functional form used; the next three chapters will look
in much more detail at the representation of data, functions, and optimization strategies.
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101 MODEL ESTIMATION

The general fitting problem has three ingredients: a model architecture (which we’ll call
m) that has a set of adjustable parameters ¢, and measured data d. The goal is to find
values of the parameters that lead to the best agreement (in some sense) between the
predictions of the model and the data. An example of m might be a polynomial of a given
order, where the  are the coefficients.

A reasonable way to go about finding the best coefficients is to ask for the ¢ that are
most likely given the choice of the model and the measured data. This means that we
want to find the ¢ that maximizes p(p|d, m). Using Bayes’ rule (equation (5.11)), our
job is then to find

p(d|, m) p(p|m)
p(d|m)
_ p(dp, m) p(elm)
= ma
v J,p(dle,m) plplm) dp
= max likelihood X prior ‘ 10.)

® evidence

max p(p|d, m) = max
p p

The probability has been factored into three terms. The likelihood measures the match
between the data and the predictions of the model with the coefficents, based on an
error model. The prior introduces advance beliefs about which values of the coefficients
are reasonable and which are not. And the evidence measures how well the model can
describe the data.

If you solve equation (10.1) then you are an official card-carrying Bayesian [Bernardo
& Smith, 1994]. The reason that there are not too many of them around is that solving
equation (10.1) represents a lot of work. First of all, it’s necessary to explicitly put priors
on every parameter that is used. Then, the integration for the evidence is over all values
of all the parameters, which can be an enormous computational task for a large model.
Although efficient techniques have been developed for these kinds of integrals using
Monte-Carlo sampling techniques that replace exact integration with a probabilistic
approximation [Besag et al., 1995], they are still computationally intensive. Finally, the
maximization over parameters is just an inner loop; the best description is given by a
maximization over model architectures as well. Full Bayesian model estimation is not a
step to be taken lightly; it should be done after it’s clear that a more tractable approach
cannot do the job.

Much of the work goes into the integration for the evidence term. But this does not
affect a single maximization over ¢; it comes in making comparisons among competing
models. If we decide in advance that we are going to stick with one model architecture
then equation (10.1) can be simplified by dropping the conditioning on the model:

pdlo) p(¥)

10.2
od) (102

max p(p|d) = max
® ®

Now the evidence term has become a simple prior on the likelihood of the data set. Even
this can usually be dropped; it’s relevant only in combining multiple data sets of varying
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pedigrees. Finding parameters with (10.2) is called Maximum A Posteriori estimation
(MAP).

MARP still requires putting a prior on the parameters. This is a very powerful idea, to
be explored in the next chapter, but if we make the simplest choice of a uniform prior
p(p) = p(d) = 1 then we’re left with

max p(p|d) = max p(d|g) . (10.3)
® ®

This is the easiest kind of model estimation of all, called Maximum Likelihood (ML).
That is what we will now apply.

10.2 LEAST SQUARES

Let’s assume that we are given a set of N noisy measurements of a quantity ¥, as a
function of a variable x,,, and we seek to find values for coefficients ¢ in a function
Yn = Y(x,, ) that describes their relationship (the generalization to vector variables
will be straightforward). In Section 5.1.2 we learned that in the absence of any other
information the Central Limit Theorem tells us that the most reasonable choice for
the distribution of a random variable is Gaussian, and so we will make that choice for
the distribution of errors in y,,. Problem 10.1 will use an entropy argument to reach
the same conclusion. In practice, many systems choose to ignore this insight and have
non-Gaussian distributions. The real reason why this assumption is so commonly made
(frequently implictly) is that it leads to a particularly simple and useful error model: leas?
squares.

If the errors have a Gaussian distribution around the true value y(z,, ) then the
probability to observe a value between y and y + dy is given by a Gaussian centered on
the true value

o~ lv—y(@n @) /207) dy . (10.4)

dy =
ny) dy 5

n

The variance 02 might depend on quantities such as the noise in a photodetector or the
number of samples that are measured.

We will further assume that the errors between samples are independent as well as
identically distributed (¢zd). This means that the probability to see the entire data set is
given by the product of the probabilities to see each point,

e~ lwn—y(@n, )} /(207,) dy . (10.5)

N
1
p(data|model) = H

asi V2mok

We seek the ¢ that maximizes this probability. If p is maximal then so is its logarithm
(the log-likelihood), and since the log of a product is equal to the sum of the logs, this
becomes

N 2
n n 1
— log p(data|model) = E [1!_;!(%80_)] + 3 log(ZnafL ) . (10.6)
UTL

n=1
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Because we’ve moved the minus sign to the left hand side we now want to find the ¢
that minimizes the right hand side. The first term measures the distance between the
data and the model, and the second one catches us if we try to cheat and make a model
with a huge variance that explains everything equally well (or poorly). We can drop the
second term since it does not depend on the parameters ¢ that we are adjusting, and so
we want to find the values that satisfy

N
. [Yn — y(zn, 90)]2
E = 10.
min 2 207 (10.7)

If the variances o2 are constant (in particular, if we set o2 = 1 when we have no idea at

all what it should be) this reduces to

N
min Y [y = y(@n, @) - (10.8)
n=1

This is the familiar least squares error measure. It is the maximum likelihood estimator
for data with normally distributed errors, but it is used much more broadly because it is
simple, convenient, and frequently not too far off from an optimal choice for a particular
problem. An example of where least squares might be a bad choice for an error measure
is a bi-modal data set that has two peaks. The least squares error is minimized by a point
between the peaks, but such a point has very little probability of actually occurring in
the data set.

Instead of the square of the deviation between the model and the data, other powers
can be used as an error measure. The first power (the magnitude of the difference) is
the maximum likelihood estimate if the errors are distributed exponentially, and higher
powers place more emphasis on outliers.

10.3 LINEAR LEAST SQUARES

Once we’ve chosen our error measure we need to find the parameters for the distribution
that minimizes it. Perhaps the most important example of such a technique is linear least
squares, because it is straightforward to implement and broadly applicable.

To do a least squares fit we will start by expanding our unknown function as a linear
sum of M known basis functions f,,

M
y(@) = > amfm(@) (10.9)

m=1

We want to find the coefficients a,,, that minimize the sum of the squared errors between
this model and a set of N given observations y,(x,). The basis functions f,,, need not
be orthogonal, but they must not be linear (otherwise the sum would be trivial); it is the
coefficients a,,, that enter linearly. For example, the f,, could be polynomial terms, with
the a,, as the coefficients of the polynomial.
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A least squares fit can be written as a matrix problem

fi(z1) fx) - fu(x) Ul

fi(z2) fx) - fu(x) a, (73

fl(:ﬂfs) fz(:ﬂfs) : fM:(373) a:z _ y:3 0.10)
filzn-1) fz(x;v—l) o fu(zno) a;\/l YN-1

fitzy)  flzn) - fu(zN) UN

If we have the same number of free parameters as data points then the matrix will be
square, and so the coefficients can be found by inverting the matrix and multiplying it
by the observations. As long as the matrix is not singular (which would happen if our
basis functions were linearly dependent), this inversion could be done exactly and our fit
would pass through all of the data points. If our data are noisy this is a bad idea; we’d like
to have many more observations than we have model parameters. We can do this if we
use the pseudo-inverse of the matrix to minimize the least squared error, The Singular
Value Decomposition (SVD) is a powerful technique that solves this (as well as many
other problems).

10.3.1 Singular Value Decomposition

For a general linear equation A - ¥ = 5, the space of all possible vectors b for which the
equation is solvable is the range of A, The dimension of the range (i.e., the number of
vectors needed to form a basis of the range) is called the rank of A. There is an associated
homogeneous problem A - ¥ = 0; the vectors ¥ that satisfy the homogeneous equation lie
in the nullspace of A. If there is no nullspace then the matrix is of full rank (which is
equal to the number of columns of A).

If A is an arbitrary N X M matrix, an important result from linear algebra is that it
can always be written in the form [Golub & Van Loan, 1996]

A = U . ' (10.11)

- -
—

W

where U and V are orthogonal matrices whose inverse is equal to their transpose UT .U =
V- VT =1 (where Lis the M x M identity matrix). This is called the Singular Value
Decomposition (SVD) of the matrix, and the elements of the M x M diagonal matrix
W are the singular values w;.

The reason that the SVD is so important is that the columns of U associated with
nonzero singular values (w; # 0) form an orthonormal basis for the range of A, and the
columns of V associated with w; = 0 form an orthonormal basis for the nullspace of
A. The singular values w; give the lengths of the principal axes of the hyper-ellipsoid
defined by A - ¥, where 7 lies on a hyper-sphere |Z|? = 1.
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In terms of the SVD, the solution to A - ¥ = b is
7=v.w'.UT.-b . (10.12)

Since W is diagonal, its inverse W~! is also diagonal and is found by replacing each
diagonal element by its inverse. This sounds like a recipe for disaster since we just saw
that w; = 0 for elements of the nullspace. The odd solution to this problem is simply
to declare that 1/0 = 0, and set to zero the diagonal elements of W~! corresponding
to w; = 0. To see that this apparent nonsense works, let’s look for another solution to
A-¥ = b. Assume that ¥ is found according to the prescription for zeroing singular values
in equation (10.12). We can add an arbitrary vector ¥ from the nullspace (A - ¥ = 0)
and still have a solution. The magnitude of the sum of these vectors is

|0+ =|V-W . UT - b+ 7|
=|V- (W UT - b+ VT . 7))
=W Ut b+VT. 7| . (10.13)
Multiplication by V was eliminated in the last line because V is an orthonormal matrix
and hence does not change the magnitude of the answer. The magnitude of |7 + ¥| is
made up of the sum of two vectors. The first one will have its ith element equal to 0 for

every vanishing singular value w; = 0 because of the rule for zeroing these elements of
W1, On the other hand, since ¥ is in the nullspace,

A-7=0
U-W-VI.7=0
w.-vI.¢7=UT.0
wW-vi.g=0 . (10.14)

This means that the ith component of the vector VT - & must equal 0 for every w; # 0.
Returning to the last line of equation (10.13), the left hand term can be nonzero only
if w; # 0, and the right hand term can be nonzero only if w; = 0: these two vectors
are orthogonal. Therefore, the magnitude of their sum is a minimum if 7' = 0. Adding
any component from the nullspace to Z increases its magnitude. This means that for an
underdetermined problem (i.e., one in which there is a nullspace), the SVD along with
the rule for zeroing elements in W~! chooses the answer with the smallest magnitude
(i.e., no component in the nullspace).

Now let’s look at what the SVD does for an overdetermined problem. This is the
case that we care about for fitting data, where we have more measurements than free
parameters. We can no longer hope for an exact solution, but we can look for one that

minimizes the residual
|A-T—bl=+(A-T—b) . (10.15)

Let’s once again choose ¥/ by zeroing singular values in equation (10.12), and see what
happens to the residual if we add an arbitrary vector ¢ to it. This adds an error of
b=A 7"
A-(T+7)—b|=|A-T+b —b|
=|(U-W-V)). (v.W.UT. )+ — b



Linear Least Squares 121

= |(U-W-W‘1-UT—1)-5+5’|

=|U-[(W-W'=1).UT.5+UT -¥]|

=|(W-W'—1).UT.5+UT . V| . (10.16)
Here again the magnitude is the sum of two vectors. (W - W~! — 1) is a diagonal matrix,

with nonzero entries for w; = 0, and so the elements of the left term can be nonzero only
where w; = 0. The right hand term can be rewritten as follows:

AT =V
U WwW-vi.¢9=¥
w.vl.7=UT.% . (10.17)

The 2th component can be nonzero only where w; # 0. Once again, we have the sum of
two vectors, one of which is nonzero only where w; = 0, and the other where w; # 0, and
so these vectors are orthogonal. Therefore, the magnitude of the residual is a minimum
if ¥ = 0, which is the choice that SVD makes. Thus, the SVD finds the vector that
minimizes the least squares residual for an overdetermined problem.

The computational cost of finding the SVD of an N x M matrix is O(N M?*+M?). This
is comparable to the ordinary inversion of an M x M matrix, which is O(M?), but the
prefactor is larger. Because of its great practical significance, good SVD implementations
are available in most mathematical packages. We can now see that it is ideal for solving
equation (10.10). If the basis functions are chosen to be polynomials, the matrix to be
inverted is called a Vandermonde matrix. For example, let’s say that we want to fit a 2D
bilinear model z = ay + a1z + a2y + azry. Then we must invert

I hn YD 2]
2 Y2 I2Y2 ao 2
z3 Ys Z3Ys a <3
1
= . 10.18
o 3 (10.18)
1 zyo1 yvo1 TNoYN-— as ZN-1
TN YN INYN ZN

If the matrix is square (M = N), the solution can go through all of the data points.
These are interpolating polynomials, like those we used for finite elements. A rectangular
matrix (M < N) is the relevant case for fitting data. If there are any singular values near
zero (given noise and the finite numerical precision they won’t be exactly zero) it means
that some of our basis functions are nearly linearly dependent and should be removed
from the fit. If they are left in, SVD will find the set of coefficients with the smallest
overall magnitude, but it is best for numerical accuracy (and convenience in using the fit)
to remove the terms with small singular values. The SVID inverse will then provide the
coefficients that give the best least squares fit. Choosing where to cut off the spectrum of
singular values depends on the context; a reasonable choice is the largest singular value
weighted by the computer’s numerical precision, or by the fraction of noise in the data
[Golub & Van Loan, 1996].

In addition to removing small singular values to eliminate terms which are weakly
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determined by the data, another good idea is to scale the expansion terms so that the
magnitudes of the coefficients are comparable, or even better to rescale the data to have
unit variance and zero mean (almost always a good idea in fitting). If 100 is a typical
value for x and y, then 10* will be a typical value for their product. This means that the
coefficient of the zy term must by ~ 100 times smaller than the coefficient of the x or y
terms. For higher powers this problem will be even worse, ranging from an inconvenience
in examining the output from the fit, to a serious loss of numerical precision as a result
of multiplying very large numbers by very small numbers.

Beyond finding the fit coefficients we usually want to know the uncertainty in the fit.
Let’s look at how an error in the measurements 7j; results in an error in the fit 177,

T+, =V-W . UT . G+m) . (10.19)
Since this is a linear equation, these random variables are related by
n=v.-whuT.g . (10.20)
The variance of one component of 7}, is then

= (Nw,iMu,i)

<ZVW ZUkmkaVu—ZUmlmm>
= VisVir—— UsiUnmt {1, k7b,m)
Zj:zl: Va ZZ ki Umt (o,

6km
=ZZV'VLL—1—ZU]C'U[O’2
; l ij 'ijwl - JVkL Uy
———
81
Vi
=ory 3 . (10.21)

i Wi

In the second line, we’ve assumed that the measurement errors are an uncorrelated
random variable with a fixed variance o2 (if that is not the case, their covariance must be
carried through the calculation). In the third line, we’ve used the orthonormality of U.
Therefore, the relative variance in the fit is

2
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2
b F]

N

SefS:

(10.22)
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104 NONLINEAR LEAST SQUARES

Using linear least squares we were able to find the best set of coefficients @ in a single
step (the SVD inversion). The price for this convenience is that the coefficients cannot
appear inside the basis functions. For example, we could use Gaussians as our bases, but
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we would be able to vary only their amplitude and not their location or variance. It would
be much more general if we could write

M
Y@) =D frl@Gm) (10.23)
m=1
where the coefficients are now inside the nonlinear basis functions. We can still seek to
minimize the error

n

N _ D\’

Y@= <&t_cyf(&i) , (10.24)
n=1

but we will now need to do an iterative search to find the best solution, and we are no

longer guaranteed to find it (see Section 12.5).

The basic techniques for nonlinear fitting that we’ll cover in this chapter are based on
the insight that we may not be able to invert a matrix to find the best solution, but we
can evaluate the error locally and then move in a direction that improves it. The gradient
of the error is

(Vo = -2 Z Yn — (x"’ 9 ‘9‘1’(;(1': 9 (10.25)

and its second derivative (the Hessian) is

62X2
Hy, = a0 (10.26)
N
— 1 [9y(zn, @) Oy(zn, d) *y(zn, @)
=2 Z o? [ Oay, Oa; ~lon — Y@ D=5 50— Oa;0ay

Since the second term in the Hessian depends on the sum of terms proportional to the
residual between the model and the data, which should be small and can change sign, it
is customary to drop this term in nonlinear fitting.

From a starting guess for d, we can update the estimate by the method of steepest
descent or gradient descent, taking a step in the direction in which the error is decreasing
most rapidly

(_inew = a:old - avxz(a:old) ) (1027)

where a determines how big a step we make. On the other hand, x* can be expanded
around a point dj to second order as

X(@ = X @) + VX (@] @~ @)+ @ —a) H-@-d) ,  (1029)
which has a gradient
Vx4 @) = VxXdo) +H- (@ —do) . (10.29)
The minimum (Vx?(@) = 0) can therefore be found by iterating
Gnew = Gota — H™' - VXX (@ota) (10.30)

(this is Newton’s method). Either of these techniques let us start with an initial guess for
d and then successively refine it.
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10.4.1 Levenberg—Marquardt Method

Far from a minimum Newton’s method is completely unreliable: the local slope may shoot
the new point further from the minimum than the old one was. On the other hand, near a
minimum Newton’s method converges very quickly and gradient descent slows to a crawl
since the gradient being descended is disappearing. A natural strategy is to use gradient
descent far away, and then switch to Newton’s method close to a minimum. But how
do we decide when to switch between them, and how large should the gradient descent
steps be? The Levenberg—Marquardt method [Marquardt, 1963] is a clever solution to
these questions, and is the most common method used for nonlinear least squares fitting.

We can use the Hessian to measure the curvature of the error surface, taking small
gradient descent steps if the surface is curving quickly. Using the diagonal elements alone
in the Hessian to measure the curvature is suggested by the observation that this gives
the correct units for the scale factor o in equation (10.27):

1 0x?

S (10.31)

6(11':—

where A is a new dimensionless scale factor. If we use this weighting for gradient descent,
we can then combine it with Newton’s method by defining a new matrix

M, = %%2—2%2(1 + )
M= 3‘23; Q#5) . (10.32)
If we use this to take steps given by
M-éad = -Vx* (10.33)
or
da=-M"1.Vx* | (10.34)

when A = 0 this just reduces to Newton’s method. On the other hand, if X is very large
then the diagonal terms will dominate, which is just gradient descent (equation (10.27)).
A controls an interpolation between steepest descent and Newton’s method. To use the
Levenberg—Marquardt method, A starts off moderately large. If the step improves the
error, A is decreased (Newton’s method is best near a minimum), and if the step increases
the error then A is increased (gradient descent is better).

x? can easily have many minima, but the Levenberg-Marquardt method will find only
the local minimum closest to the starting condition. For this reason, a crucial sanity check
is to plot the fitting function with the starting parameters and compare it with the data.
If it isn’t even close, it is unlikely that Levenberg—Marquardt will converge to a useful
answer. It is possible to improve its performance in these cases by adding some kind of
randomness that lets it climb out of small minima. If a function is hard to fit because it
has very many local minima, or the parameter space is so large that it is hard to find sane
starting values, then a technique that is better at global searching is called for. These
extensions will be covered in Chapter 13.
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10.5 ESTIMATION, FISHER INFORMATION, AND THE
CRAMER-RAO INEQUALITY

We’ve seen increasingly powerful techniques to fit functions to data sets. Is there no limit
to this cleverness? Unfortunately, and not surprisingly, there is indeed a limit on how
much information about unknown parameters can be extracted from a set of measure-
ments. This chapter closes with a view of the information in a probability distribution
that sets a limit on the accuracy of measurements.

Let po(x) be a probability distribution that depends on a parameter & (such as the
variance of a Gaussian); the goal is to estimate the value of o from a series of measurements

of z. Let f(x1,x2, ..., £x) be the estimator of . It is biased if (f(z1,z2,...,2ZN)) # 0,
and it is consistent if limy_ o f(x1,Z2,...,2n) = . An estimator f; dominates f, if
(filz1, 22, ..., zNn) — @) < {(fo(x1, T2y, ZN) — a)?). This raises the question of

what is the minimum variance possible for an unbiased estimator of a? The answer is
given by the Cramér—Rao bound.
Start by defining the score:

Oapa()

10.35
Pal®) (10.35)

0
V= a log po(z) =

The expected value of the score is
* Oapa(T)
V)= / (L) ————= dx
(V) | P@

= / Bapalz) do

=, / Pal®) da

= 0,1
=0 . (10.36)

This means that 02(V) = (V?). The variance of the score is called the Fisher information:

~

J(@) = ([8alog pa(@)]?) . (10.37)

The score for a set of independent, identically distributed variables is the sum of the
individual scores

V(zy,x2,...,2zN5) = Ox log po(x1, 22, .. ., ZN)

N
= Z 0Oq log pa(zy)

n=1

N
=3 V() (10.38)
n=1
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and so the Fisher information for the set is

In(@) = ([0 1og pa(@1, 22, - . ., zN)])
= <V2(321, Iy, ... ,JIN))

(&)

N
=3 (Vi(za)
n=1
=N J(@) (10.39)

(remember that the individual scores are uncorrelated).
The Cramér—Rao inequality states that the mean square error of an unbiased estimator
f of a is lower bounded by the reciprocal of the Fisher information:

o (f) > . 10.40)
X J( ) (
To prove this, start with the Cauchy—Schwarz inequality

(V= (VD = () < <(V (VIS = ()
(VF= (V) =V + (VI (V2 =2V(V) + (VI = ()P
(VI < (VU = ()
(V) < J@) o(f) (10.41)

(remember (V') = 0). The lefthand side equals one:

(Vi) = /_ ~ L ;‘()) F@)pala) do

- /_ " Oupal) (@) dz

= o, /_ pal@)f (z) do

= 0u(f(2))
= gy
=1 (10.42)

thus proving the Cramér—Rao inequality.

Just like the information theoretic channel capacity, this sets a lower limit on what is
possible but does not provide any guidance in finding the minimum variance unbiased
estimator. The inequality measures how much information the distribution provides about
a parameter. Not surprisingly, the Fisher information can be related to the entropy of
the distribution; this is done by de Bruijn’s identity [Cover & Thomas, 1991]. Roughly,
the entropy measures the volume and the Fisher information measures the surface of the
distribution.

One final caution about the Cramér-Rao bound. Not only may it not be reachable in
practice, but it may be misleading because it is a bound on unbiased estimators. Unbiased
does not necessarily mean better: it is possible for a biased estimator to dominate an
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unbiased one (as well as have other desirable characteristics). However, just like channel
capacity, although it should not be taken too literally it does provide a good rough estimate
of what is plausible and what is not.
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(10.1) Another way to choose among models is to select the one that makes the weakest
assumptions about the data; this is the purpose of maximum entropy methods.
Assume that what is measured is a set of expectation values for functions f; of a
random variable x,

(fiz)) = / p(x)fi(x) dz . (10.43)

(a) Given these measurements, find the compatible normalized probability distri-
bution p(z) that maximizes the entropy

S= —/ p(z)logp(z) dx . (10.44)
(b) What is the maximum entropy distribution if we know only the second moment
ol = / px) 2® dx  ? (10.45)

(10.2) Now consider the reverse situation. Let’s say that we know that a data set {z,, }]\_;
was drawn from a Gaussian distribution with variance ¢ and unknown mean .
Try to find an optimal estimator of the mean (one that is unbiased and has the
smallest possible error in the estimate).
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The coming chapters will revisit the ground we just covered, finding significant problems
and remarkable capabilities lurking behind apparently innocuous assumptions made in
last chapter’s introduction to function fitting. Here we ask the easily overlooked question
of whether data is best analyzed in the form that it is given (hint: the answer is frequently
no). This is a question about representation — what’s the best way to view the data to
highlight the features of interest? The goal will be to boil a set of measurements down
to a smaller set that is more independent, freeing subsequent analysis from having to
rediscover the redundancy. A good representation can go a long way towards solving
a difficult problem, and conversely a bad one can doom an otherwise well-intentioned
effort.

111 ORTHOGONAL TRANSFORMS

We will generally be concerned with orthogonal transformations. These are ones that are
particularly simple to undo, an important feature since we don’t want our transformation
to throw away information in the data unless we tell it to.

A matrix is orthogonal if its inverse is equal to its transpose,

MT.-M=1 , (11.1)
where as usual the transpose is denoted by
M;, = M;; (11.2)

and I is the identity matrix with 1s on the diagonal and 0s elsewhere. Multiplication of a
vector by an orthogonal matrix defines an orthogonal transformation on the vector. For
a complex matrix the adjoint is the complex conjugate of the transpose

t *
M =M . (11.3)
If the adjoint is the inverse,
Mf-M=1 |, (11.4)

then M is unitary. The column or row vectors U; of an orthogonal matrix are not only
orthogonal, v; - U; = 0 (i # j), they are orthonormal, ¥; - U; = ;;, but by convention
the matrix itself is still usually just called orthogonal.

128
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An important property of the adjoint is that it interchanges the order of a product of
matrices:

(A-B)f =B AT . (11.5)

Remember also that matrix multiplication is distributive (A-(B+C)=A-B+A-C)
and associative (A - (B- C) = (A - B) - C), but need not be commutative (A-B #£B- A).

Now consider a linear transformation on a column vector Z to a new one §j = M - I.
The Euclidean norm of T is its length as measured by the sum of the square of the

elements,
ZP=2" 2= ziz =) |z . (11.6)
B

B
If M is unitary, then the norm of ¥ is

72 = (M- D) - (M- D)
= |@" - M) (M- 3)|

= |7t - (M- M) - Z|
=|z? . (11.7)

A unitary (or orthogonal) transformation preserves the norm of a vector. It rotates a data
point to a new location, but can’t change its distance from the origin. This means that it
can rearrange the points but not do something as nasty as make some of them disappear.

11.2 FOURIER TRANSFORMS

The Discrete Fourier Transformation (DFT) is a familiar example of a unitary trans-

formation (Problem 11.1). Given a data vector {x¢,z1,...,Zn—-1}, the DFT is defined
by
| Nl
- 2mifn/N
= € Zp
\/N n=0
N-1
= anxn
n=0
=M-Z , (11.8)

and the corresponding inverse transform by
1 V=l
T, = \/_ Z e /N, (11.9)

The X are the coefficients for an expansion of the vector in terms of sinusoids.
Computing the DFT requires multiplying the data vector by the transform matrix.
Finding one element needs N multiplies and adds, and there are IV elements, so this
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appears to be an O(N?) algorithm. Remarkably, and significantly, this is not the case.
Notice the the DFT can be split into two sums as follows:

Z mifn/N

N/2-1 N/2-1
eszf(Zn)/NxZn + Z 621r1.f(2'n+1)/Nx2n+1
n=0 n=0

1
VN
1
VN
1 N/2-1 o2mif /N N/2—1
VN
1
VN

QNN oy Z T e/N

\/N n=0

N2-1 mif /N NATL
elwzfn/(N/Z)x2n+ Z 627mfn/(N/2)$2n+1

n=0 n=0

= yeven 4 eZWif/NX}Jdd . (11.10)

Instead of one N-point transform we’ve broken it into two N/2-point transforms, one
on the even points and one on the odd ones. This requires O[(N/2)?] + O[(N/2)*] =
O(N?/2) steps to do the transforms and one final multiplication and addition to combine
each element, instead of the original O(N?) steps. The even and odd transforms can
likewise be split, and so forth, until we’ve broken the calculation into N single-point
transforms. Reassembling each of them through the hierarchical factoring takes log, N
adds and multiplies, for a total of O(N log, N) steps. If N = 10°, doing this requires
O(107) steps (about a second on a 10 Mflop workstation), versus O(10'?) operations for
the DFT (about a day at 10 Mflops). Quite a savings! The modern incarnation of this
clever idea is called the Fast Fourier Transform (FFT) and is associated with Cooley
and Tukey [Cooley & Tukey, 1965], but it has a long history dating all the way back to
Gauss in 1805. It is an example of the powerful algorithm design principle of divide-and-
conquer: if you can’t solve a difficult problem, split it into successively smaller problems
until they can be solved and then recombine them to find the answer [Aho e al., 1974].

The clarity of the FFT implementation hides many subtleties in its application [Op-
penheim & Schafer, 1989]. The highest frequency possible in a DFT is f = 1/2; beyond
that the 27 periodicity of the exponential will wrap still higher components in z,, onto
lower frequencies. This is the phenomenon of aliasing and requires that a signal be sam-
pled at more than twice the highest frequency of interest (called the Nyquist frequency).
And since the transform is done over a finite time it is equivalent to transforming an
infinite series multipied by a finite-length pulse. Since multiplication in the time domain
is equal to convolution in the frequency domain, and the Fourier transform of a pulse
is a sinc function sin(2w fAT)/(n f), sharp features in the transform get spread out by
the finite window and spurious side-lobes appear. There are many other ways to window
data with weighting functions other than a rectangular step, in order to optimize desired
attributes such as spectral resolution, sidelobe suppression, or phase uniformity. Finally,
remember that the discrete sampling of the spectrum done by the DFT can easily miss
important features that lie between the points of the transform.

The FFT is one of the most important algorithms in all of numerical mathematics.
Beyond the many applications we’ve already seen for Fourier transforms it crops up in
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Figure 11.1. Division of time-frequency spaces by the coefficients of discrete transforms.

places where you might not expect it, such as speeding up the multiplication of two long
numbers (which is really just a convolution [Knuth, 1981]). When Cooley (then at IBM)
first presented the FFT, IBM concluded that it was so significant it should be put in the
public domain to prevent anyone from trying to patent it, and so it was published openly.
Ironically, its very success has made this kind of behavior much less common now.

11.3 WAVELETS

Wawvelets are families of orthogonal transformations that generalize Fourier transforms
in a very important way by introducing locality (Figure 11.1). Trigonometric functions
are defined everywhere. This makes them good at describing global properties, such as
the frequency of a signal, but very bad at describing locally varying properties. On the
other hand, a time series represents a signal as a series of local impulses, which have an
infinite spectrum of Fourier coefficients. A sine wave is most conveniently expressed in
the frequency domain, and a step function is much more naturally defined in the time
domain. In between these extremes lie most signals of interest, for which neither a global
nor a local representation is best. A short-time Fourier transform (STFT) tries to do
this by transforming short windows of data. This has the problem that low-frequency
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Figure 11.2. Interpretation of the wavelet transform as a hierarchical filter bank,

estimates need big windows to be meaningful, while high-frequency estimates need small
windows to be relevant. This is exactly the happy compromise that wavelets provide,
retaining a useful notion of both location and frequency.

Wavelets can be understood as a hierarchical filter bank, shown in Figure 11.2. A
signal is applied to two filters, one passing the high-frequency part of the signal and the
other passing the low-frequency part. Then, the low-frequency part goes through a pair
of filters, separating it into a new high-frequency component and an even lower-frequency
one. This procedure is continued until the signals at the bottom are left with a single
point. Since we don’t want the transform to throw away information unless we explicitly
decide to, each of these steps is done invertibly.

The earliest wavelets were based on expanding a function in terms of rectangular
steps, the Haar wavelets [Haar, 1910)]. This is usually a very poor approximation; we
will instead start with the Daubechies wavelets, which are among the simplest but still
most important families [Daubechies, 1988]. Given a record of N points x,,, the first
step is to write down a linear filter

M-1
Un = D biTn_; (11.11)
=0
that is zero for “smooth” signals. To design it we certainly want it to vanish for a constant,
so that (taking the order M = 4 for example)
bp-14+b - 1+by-1+b;-1=0 . (11.12)
The next thing that we could ask for is that it vanish for a linear ramp
bp-0+b6,-1+b-24+b;-3=0 . (11.13)

Since this is a linear filter it will then vanish for any x = an + 3. It will turn out that
for a fourth-order wavelet this is all that we can do; given the other constraints to be
included six terms will be needed if we want it to vanish for a quadratic curve, and so
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forth. Next, we want to define another filter
M-1
=Y CiTn (11.14)
~

that responds exactly oppositely, being large for smooth signals and small for nonsmooth
signals. A linear filter is just a convolution of the signal with the filter’s coefficients, so the
series of the coefficients is the signal that the filter responds maximally to (Chapter 15).
Therefore, if the output of our second filter vanishes when the coefficients of the first
one are input to it, it will be as unlike the first one as two linear filters can be. This means
that we want

> eb;=0 (11.15)

(remember that because a linear filter is a convolution, the associated time series flips the
order of the coefficients, and so both have the same index in this sum). A pair of filters
with this property are called quadrature mirror filters. For M = 4 the equation to be
solved is

Cob0+01b1 +02b2+03b3 =0 . (1116)

By inspection, this can be enforced flipping the order of the coefficients as well as the
sign of every other one:

b0=03 b1=—-02 b2=01 b3=—-CO . (1117)

We now have two filters: one is large for the smooth parts of the signal, and the other
for the nonsmooth parts. To apply them to an input vector we can write it as a matrix
problem:

- 1/( =o )

Qg ¢ € ¢ - N
c3 —Cy € —Cp ! w(Ol)
o ¢ ¢ ¢ xh)

c3 —C € —Cy . w,

: o)
o ¢ € G 3'71\7{2—2

: 1
c3 —Cp C —(Q . w§\7/2—2
G ¢ o € : 37(1\71){2—1
L@ —a G Tl ayo w%’/l—l

(11.18)

(all empty matrix elements are 0). Such a representation of a moving filter is called a cir-
culant matrix. Periodic boundary conditions were used to wrap around the coefficients,
but it’s also possible to define special coefficients for the boundaries to avoid that if neces-
sary. I’ve called the output of the “smooth” filter 2!, and the output of the “nonsmooth”
filter w'V. Each component has half as many points as the original series. The former is
a lower resolution description of the signal, and the latter contains the fine structure that
was lost in the smoothing.

It is convenient if the transformation is orthogonal so that the inverse is just the
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transpose. Requiring that the matrix times its transpose results in the identity matrix

gives two nontrivial equations

2424 24 2
cgteitetes=1

ccptcezep =0

We also had two equations for the filter

cz—cpte—c=0

—c3+2¢;—3¢=0

(11.19)

(11.20)

(written in terms of the ¢’s instead of the b’s). This is four equations in four unknowns,

which can be solved to find

_1+3
_3-43
Wz O

C =

_3+V3

42

_1-V3
42

(11.21)

Using these coefficients, the transformation can be inverted by using the transpose

G C3

GG —C

& ¢ G &

3 —C €1 —C
G C
G —G

. (1)

aQ )

(1
c3 —Q W,

G C3

¢ —¢ :
20

G ¢ G & N{Z—l
(1

c3; —¢ ¢ —c | Wy /-1

Zo
x

IN-2
IN-1

Let’s now multiply the output from the filters by another orthonormal matrix that

splits the two types of results:

(1 0
01

(1)

3771\7{2—2

w\
N/2-2

[T )

z N{Z—l
1 wl
N/2-1

20

(1)
Wy/2-1

The first half of the resulting vector is a smoothed version of the original signal at half
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the time resolution, and the second half contains the details lost in the smoothing. The
original series can be recovered by multiplying by the transposes of the two matrices used.
We can now go ahead and do the same sequence of operations on the new x’s, to give
a version at even lower resolution as well as some more “detail” coefficients. Repeating
the filtering and shuffling operations until we’re left with just two = values and so can
go no further gives the following sequence of coefficient vectors:

- xél) xgl) xE)Z) xg) xgogz N=-1) xgogz N=-1
2 w(()l) 20 w(()l) 37(12) w(()logz N-1) x(llogz N=-1
20 : 37(12) : x(llogz N-1) w(()logz N=-1
w : w?) x(NZ)/4—1 wilogz N-1) wglogz N=-1)
w® w(()logz N=-2) w(()logz N=-2)

u®

37(1\!2)/4—1 ‘

377(1\71)/2—1 w%)/4—1 w%)/4—1

wl® Wl W

wgl) wgl) w

x(Nl){Z-—l : : : : :

IN-1 wg’/l—l w(Nl)/Z—l w%r)/z—l wgi’)/l-—l wxr)/z—l wg’)/l—l

This defines the Discrete Wavelet Transformation (DW T), and the final w’s are the
wavelet coefficients. They represent structure at many scales as well as at many locations.
If any of the wavelet coefficients are small they can be set to zero to approximate the
original series with less information, but the beauty of this kind of compression is that it
can find important regions in the time-frequency space rather than projecting all of the
information onto the frequency axis (as done by an FFT) or the time axis (by impulses).

A sine wave looks like, well, a sine wave. What does a wavelet look like? We can find
out by setting one of the wavelet coefficients to 1 and all the others to 0, and then running
the inverse wavelet transform back to find the x series that produces it (just as inverting
a Fourier transform of an impulse gives a sinusoidal function). Problem 11.2 shows that
this results in quite a curious looking function. To understand it, consider that after one
pass of the smoothing filter,

1y —

32,(,1) = coTm T C1Toan+1 T C2Ton+2 T C3Ton43 - (11.22)
If a function exists that satisfies

Xn = @ Xyp + 1 Xon+1 + 2 Xon42 + 3 X0043 (11.23)

then it will be unchanged by the smoothing (this is a dilation equation, instead of a
difference or differential equation). The associated wavelet function is

Wn = 3 Xon — 2 Xone1 + €1 Xone2 ~ 0 Xones - (11.24)

In the limit of many iterations, so that n approaches a continuous variable, these are the
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basic functions that are invariant under the transformation. Remarkably, in the continuum
limit these apparently innocent and certainly useful functions are very complicated, not
even differentiable.

We’ve been looking at fourth-order wavelets; higher orders are similarly defined. For
each two additional coefficients used it’s possible to go to one higher derivative of the
function that can be matched. Beyond order 6 the coefficients must be found numerically.
Our wavelets also have had compact support (they are zero everywhere except for where
they are defined); this is convenient numerically but can be relaxed in order to get
other benefits such as the analytical form and simple spectrum of the harmonic wavelets
[Newland, 1994).

Just as a high-dimensional Fourier transform can be done by transforming each axis in
turn, wavelets can be extended to higher dimensions by transforming each axis separately
[Press et al., 1992]. This restricts the wavelets to the axes of the space; it is also possible
to define more general multi-dimensional wavelets. The state of the art in wavelets has
advanced rapidly since their introduction; see for example [Chui ez al., 1994]. Beyond
wavelets there are other time-frequency transforms, such as Wigner functions [Hlawatsch
& Boudreaux-Bartels, 1992], which first arose as a probabilistic representation of quantum
mechanics for studying semi-classical systems [Balazs & Jennings, 1984].

114 PRINCIPAL COMPONENTS

Wavelets were constructed based on the assumption that time and frequency are the
interesting axes against which a signal can be viewed. This certainly need not be true,
and doesn’t even apply to a set of measurements that have no particular temporal or
spatial ordering. Rather than designing one transform to apply to all data we might hope
to do better by customizing a transform to provide the best representation for a given
data set (where “best” of course will reflect some combination of what we hope to achieve
and what we know how to accomplish).

Let’s once again let & be a measurement vector, and § = M - ¥ be a transformation
to a new set of variables with more desirable properties. The covariance matrix of i is
defined by

C,={(T—@)-@— @) (11.25)
where the outer product of two column vectors Aand B is
(fi" BT)ij = A;B; (11.26)

and the average is taken over an ensemble of measurements. A reasonable definition of
“best” is to ask that the covariance matrix of § be diagonal, so that each of its elements
is uncorrelated.

To find the required transformation, the covariance matrix of ¥ can be related to that
of T:

7= - @~ N7
~ @M@~ @)
~ (@ [@ ~ @)" - MT])

9
@
Il
—~
—
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=M. ((Z~ (&) @& — @)") -M"
=M-C,-MT . (11.27)

Because C, is a real symmetric matrix it’s possible to find an orthonormal set of eigen-
vectors [Golub & Van Loan, 1996]. Now consider what happens if the columns of MT
are taken to be these eigenvectors. After multiplication by C, each eigenvector is re-
turned multiplied by its corresponding eigenvalue. Then because of the orthonormality,
the multiplication of this matrix by M gives zeros off-diagonal, and returns the values of
the eigenvalues on the diagonal. Therefore C,, is a diagonal matrix as desired. If there
are linear correlations among the elements of Z then some of the eigenvalues will vanish;
these components of ¢ can be dropped from subsequent analysis. For real data sets the
elements might not be exactly equal to zero, but the relative magnitudes of them let the
important components be found and the less important ones be ignored. Such variable
subset selection is frequently the key to successful modeling.

Use of the covariance matrix of a set of measurements to find a transformation to new
variables that are uncorrelated is called Principal Components Analysis (PCA). It is
such a useful idea that it led to many other related three-letter acronyms (7L As). One is
the Karhunen—Loéve Transform (KLT) [Fukunaga, 1990]. Here, a measurement vector
7 (such as a time series, or the values of the pixels in an image) is expanded in a sum
over orthonormal basis vectors ; with expansion coefficients z;,

7= T@ . (11.28)

Given an ensemble of measurements of ¢, the goal is to choose a set of @; that make the
z;’s as independent as possible. Defining M to be a matrix that has the ; as column
vectors, the expansion of § can be written as § = M - Z, where & is a column vector of
the expansion coefficients. We’ve already seen that the covariance matrices of § and Z
are related by

C,=M-C,-M’ (11.29)

or
MT.c, - M=C, . (11.30)

Therefore if we choose the 3; to be the eigenvectors of C, then C, will be diagonal.
Since the g; are orthonormal, given a new measurement ¥ the expansion coefficients can
be found from

TG =) B @ = wib; =z . (11.31)

This provides a convenient way to do lossy compression for storage or communications,
by using only the significant coefficients to partially reconstruct a data vector from the
bases.

PCA starts with the covariance matrix of all of the original variables and then throws out
the insignificant components. Factor Analysis directly seeks a smaller set of variables that
can explain the covariance structure of the observations [Hair et al., 1998). Independent
Components Analysis (ICA) goes further to use a nonlinear search algorithm to find a
linear transformation that makes the new variables independent (p(y;, y;) = p(¥:)p(y;))
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rather than just uncorrelated ({(y;y;) = 0) [Comon, 1994, Bell & Sejnowski, 1995]. This
can be done by minimizing the mutual information among the components.

These are all global transformations; they can also be done locally to capture nonlinear
relationships (Section 14.4; [Ghahramani & Hinton, 1998]). From there it is a small step
to the hierarchical architectures to be covered in the next chapter, which have been called
Multi-Layer Perceptrons (ML Ps) or Artificial Neural Networks (AN Ns).
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11.6 PROBLEMS

(11.1) Prove that the DFT is unitary.

(11.2) Calculate the inverse wavelet transform, using Daubechies fourth-order coeffi-
cients, of a vector of length 2!2, with a 1 in the 5th and 30th places and zeros
elsewhere.

(11.3) Consider a measurement of a three-component vector Z, with x; and z; being
drawn independently from a Gaussian distribution with zero mean and unit vari-
ance, and z3 = x; + ;.

(a) Analytically calculate the covariance matrix of Z.

(b) What are the eigenvalues?

(¢) Numerically verify these results by drawing a data set from the distribution
and computing the covariance matrix and eigenvalues.

(d) Numerically find the eigenvectors of the covariance matrix, and use them to
construct a transformation to a new set of variables ¢ that have a diagonal
covariance matrix with no zero eigenvalues. Verify this on the data set.



12 Architectures

This chapter looks at some of the ways that functions can be connected to interpolate
among and extrapolate beyond observations. The essence of successful generalization lies
in finding a form that is just capable enough, but no more. There is a recurring tension
between describing too little (using a function that does not have enough flexibility to
follow the data) and too much (using a function that is so flexible that it fits noise, or
produces artifacts absent in the original data). Along with matching the data, supporting
concerns will be how easy a family of functions is to use and to understand. Most anyone
who has done any kind of mathematical modeling has made such choices, often without
being aware of the problems of old standbys and the power of less well-known alternatives.

Polynomials are often the first, and sometimes the last, functional form encountered for
fitting. Familiarity can breed contempt; in this chapter we’ll see some of the problems
with using polynomials for nontrivial problems, and consider some of the appealing
alternatives.

121 POLYNOMIALS

12.1.1 Padé Approximants

As we’ve already seen many times, a polynomial expansion has the form (in 1D)

N
y(z) =) anz” . (12.1)
n=0

One failing of polynomials is that they have a hard time matching a function that has a
pole. Since (1—xz)~! = 1+xz+z?+x3+. ., a simple pole is equivalent to an infinite-order
power series. This is more serious than you might think because even if a function is
evaluated only along the real axis, a nearby complex pole can slow down the convergence
of a polynomial expansion. An obvious improvement is to use a ratio of polynomials,

N n
y(z) = _2nz 0T . (12.2)

This is called a Padé approximant [Baker & Graves-Morris, 1996]. By convention the
constant term in the denominator is taken to be 1 since it’s always possible to rescale the
coefficients by multiplying the numerator and denominator by a constant. The order of
the approximation is written [N/M].

139
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One application of Padé approximants is for functional approximation. If a function
has a known Taylor expansion

fy=) az' | (12.3)
1=0
we can ask that it be matched up to some order by a Padé approximant
N n L
_ pmi G Zcﬂl ) (12.4)

The coefficients can be found by multiplying both sides by the denominator of the left
hand side,

N
Zanx cha: + Z mecla: , (12.5)

n=0 m=1 =0

and equating powers of x. For powers n < N this gives

N
n=cnt > bmenem (@=0,...,N) (12.6)
and for higher powers
M
0=ci+> bmaem (=N+1,...,N+M) . (12.7)
m=1

The latter relationship gives us M equations that can be solved to find the M b,,’s in
terms of the ¢’s, which can then be plugged into the former equation to find the a’s.

Alternatively, given a data set {y;, z;} we can look for the best agreement by a Padé
approximant. Relabeling the coefficients, this can be written as

N n
anx]
EMHIV =t (12.8)
1 + En =N+1 anT
Once again multiplying both sides by the denominator of the left hand side and rear-
ranging terms gives

N N+M
-N —
doatan— > @ Vyan =y (12.9)
n=0 n=N+1
- o . . N N o
or M- a@ = g, where the ith row of M is (z?,...,z), —zly;,...,—zNy), @ =
(ag,...,an+a), and ¢ is the vector of observations. This can now be solved by SVD

to find @ = M~! . §j, the set of coefficients that minimize the sum of the squares of the
errors.

When Padé approximants are appropriate they work very well. They can converge
remarkably quickly (Problem 12.1), and can have an almost mystical ability to find an-
alytical structure in a function that lets the approximation be useful far beyond where
there are any small parameters in an expansion. However, their use requires care. After
all they’re guaranteed to have poles whether or not the function being approximated does;
the domain and rate of convergence can be difficult to anticipate.
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12.1.2 Splines

Another problem with global polynomials is that they have a hard time following local
behavior, resulting in undesirable artifacts such as overshooting and ringing (Problem
12.2). In Chapter 8 we saw one solution to this problem: define polynomials in finite
elements, and then patch these local functions together with appropriate matching con-
ditions. Splines use cubic polynomials to match their value and first and second deriva-
tives at the boundaries (although the term is sometimes used even if just slopes are being
matched). There are almost as many types of splines as there are applications, differing
in how the constraints are imposed. Splines are not commonly used for data fitting or
functional approximation, because they require finding and keeping track of the bound-
aries as well as the coefficients, but they are the workhorse of computer graphics, where
they are used to represent curves and surfaces.

Natural splines pass through a given set of points, matching the derivatives as they
cross the points. This is the most obvious way to define a spline, but it has the liability
that moving one point affects all of the others. To be useful for an interactive application
such as computer graphics it must be possible to make a local change and not have
to recompute the entire curve. Nonuniform B-splines provide a clever solution to this
problem [Foley et al., 1990]. The “B” part refers to the bases the polynomials provide,
and the “nonuniform” part refers to the flexibility in defining how they join together.

A nonuniform B-spline curve is defined by

Zi(t) = ¢ 3pi—3(t) + Cim2gi2(t) (12.10)
101D H Cipi(t) (G St <tin) .
t parameterizes the position along the curve. The ¢;’s are control points, defined at given

values of ¢ called knots, t;. The ;’s are the basis (or blending) functions that weight the
control points. The basis functions are found recursively:

1 (t <t<tin)
Mgy — : i1
v () { 0 otherwise

2 - — b 1 -
A = —‘t A+ —t— )
z+1 - z+2
—t
3) - 7 (2) tiv3 — (2)
Ot) = ——— (¢ +—— t
SO'L ( ) ti+2 . t’L ( ) t1+3 - t z+1( )
t—t; tivs —
— 4 - 3 3
eit) = () = e Ot + ﬁ @ (12.11)
1 ? K3

The first line sets the basis function to zero except in intervals where the knots are
increasing. The second linearly interpolates between these constants, the third does a
linear interpolation between these linear functions to give quadratic polynomials, and
the last line does one more round of linear interpolation to provide the final cubics.
This hierarchy of linear interpolation preserves the original normalization, so that in
each interval the basis functions sum to 1. This means that the curve is bounded by the
polygon that has the control points as vertices, with the basis functions controlling how
close it comes to them.,

Figure 12.1 shows the construction of the basis functions for the knot sequence
[12345678]. The curve will approach each control point in turn, but not quite






